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do his opinion, and convideed me that the knowledge of 
numbers is very eaßly acquired, an- that it is one of the 
| beſt employnients for children. I divided his ſchool into 


ſs either in writing or accounts. At certain inter- 
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8 | 7 3 and ſo on through multiplication and diviſion. For the : 
HE © firſt day they were awkyard, not being accyſtomed to add 

0: 400 together without their dates; but they 5505 did 1 

IP it with eaſe, and by this mean made a greater progreſs | 

| . one month, than they 
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5 nene 1 dee ee the maſites ul Uebe Y 
. 1 particularly the great ſchools, ſuch as Eton, the ;harter- 
| ( - houſe, Wincheſter, - and others approaching „ than: ins 
7; won degree of reputation for claſſical learning, to adopt a 
mode by which every boy in their ſehools cannot fall o 
Earning with bent eaſe a vely uſeful" art. 1 ſhould're- | 
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#oukd be amg by the'progreſs which it has. made 
in „The loweſt probably would be able to adde 
only, che higheſt probably to multiply together only tuo 
numbers under twenty. Five minutes in ce morning and 
ive in the afternoon will be time fulficierit for the exerciſe 
bf each Us.” The head maſter might hear two claſſes, | 
6 The boys in the firſt claſs" might hear thoſe inthe third | 
© Ind fourth: The boys in the fecofd daſs ole in the Hifth 
| and fixth claſſes; and thus progreMively throughout the 
_ {kval.” Thus, ro boy wold'be employed more than 
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improved: their memory would be ſtrengthened; 3 ang 
in future life they would be as little likely to forget thts 

numbering as they are the ſhape of the letters in the al. 

phabet. Another advantage propoſed by claſfing boys i in 

this manner is, that they may be in the habit of comparing 5 

themſelves with each other in more reſpects chan one. 

An overweening pride is apt at preſetit to get the better of- 

them, from a conſciouſneſs of ſuperiority in the Latin or 

Greek languages; and they are ſurpriſed : ſome years after 

to find, that the boys, whom they defpiſed at ſchool, poſleſs 

| talents whith make them the moſt valuable members i in 
| Geiety. | Indeed this mode of claifing a fobool would be 
attende with advantage, if che boys were ene 
praphy, hiſtory and other things, by which! etalenty 

of each "thight be diſplayed :' thus the vanity 0 

1 | 2” would be checked, and men woul, t 
ow 2 8 e of acm i and TFT i neighbours,” 
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nos begin too early 3, and the preparation is ſimple. As 


ſoon as he begins to write figures, che algebraical marks 
ſhould be introduced into his copies. . Thus his firſt copy 

might be in addition 5, aſter a time in ſubtraQtion, ſoon 1 
ter in ee ee = diviſion, „ 


Me 


ade. maſter. Thus three and four equal ſeven; 


_ from eight take fiye, the remainder equals three; nine in-. 


. g <quals eighty-one; twenty-four divided by eight 
cquale three. By degrees a letter may be placed i in his 


copies. Thus 6. 5 203 and thus with very 
Kittle trouble a boy will by mere reading become not only 
as well acquainted with the marks +/— * =>, 
a winh the figures o 23 4 36 7 8 gy but underſtand the 


, multiply and divide whole wmbers 
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mode. Some throw away their books before they can do a 
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imple equation; others, with more courage, get throumgm 
5 2 
| ee 


© diate the bold ones eee ä 
| thick and chin, till after having made, as they think .me 
curious diſcoveries on the limits of negative roots, they: - 
finiſh their courſe in deſpair, in gen e e ; 
number of impoſſible roots in mages 1 


The converſation of theſe learners led n me to o ele — 
the riature of A [5 WAA which now ſeems to me to be buile O 5 
on the cleareſt principles. The ideas of number are the. 

; deareſt and moſt diſtinQ f in the human mind ; the 
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b 1 ſhould think of adding to the number of 
books already written upon this ſubject, and got cores | 
myſelf with referring to the authors in-common uſe? 1 

an prepared to anſwer the queſtion. Half a dozen-years | 

| experience, as tutor of a college in the un erfi 
5 bridge, taught me the difficulties under which young men 

labour in endeavouring to learn algebra by the common, 


of Cam- 


7% 


4 
— 


2 — 
— 


— 
—— 


PERS". —-—-— 


— 


n — 


1 a 1 2 
. — 5 
* 
* 


EZ N 2 


TT 
81 
N 
EF 
1 
: 0 
il 
[ 
f 
4 
8 
2 
or 
J 


| 
| 


q 
1 
. 
1 
N 
Weg! 
7 
"Es 
1! [ 

b 1 
n 
. 
E 
39 
1 
9 


— 
ee e, BUT 4 — 


—— —— 
— dil ba bas S 


rr ere 


r 
* p 


rr 
* 9 
* 
* 


a PREFACE 
En them, unleſs numbers too 


great for the comprehenſion of the learner are employed: 


or ſome arts are uſed which are not To: The firſt 


is obvious va 


error jn wr ys of alget 


Algebra. Numbers W divided into two ſorte, yo 
tive and negative z and an attempt is made to explain the 
nature of negative numbers, by alluſions to book-debts _ 
Aae arts. 3 e A dei cannot Weng the 


— " that che has never chought Do 


ther nk it may ae to, taken e. 


into, and divi ivided by another number; but in other re- 


| beds it is very untraktable : though che whole world | 


| mould be deſtroyed, one will be one, and three Silt be 
three z and no art whatever can change their nature. You | 


may put a mark neee it will PR it fubinits | 


> eee 15 alle it ae i deter tf 2 


negative n amber i intoa negative humberand thus producing 


2 poſitive umber, of a number being i imaginary.” Hence 
they talk of two rootg to every equation of the ſecond order, 


and the learner is to try which Will ſucceed j in A Siren equa- 


tion: :they t ralk of folving e which requires two 
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impolible 3 it folvible:: they cn find out 


ſome impoſlible numbers, which, being; -multiplicd-tagos | 
ther, produce unity, This is all j jargon, at which _- 


Ne 


mon ſenſe recoils z but, from its having been 
like many other figments, it finds the moſt Ae 
porters among thoſe who love to take things en 


„„ eee e . 
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. Bejefing thaſs | 1 1 b | Jas af; . Irefobeed to 


tr Whether the principles of algebra did not admit of 
| aneaſy ex | 
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n, and whether every right Cluicty pro- 
duced by the common mode from various errots in the 


premiſſes, and che reaſoning upon hem, might not be de- : 
5 duced by 2 mode of reaſoning, to which there could be | 
objection. The event has anſwered my. expectations, 
| and the reader will ſee the difference befween this and he 
common mode, by comparing the examples in this work 
with thoſe in other authors. In the ſolution of equations 
ef the ſecond order, he will ſee in nene .two:roots 
may be diſcovered i in an unlimited equatio n; and; of theſe | | 
ws roots, which is applicable to his: particular queſtion. = | 
. He will ſee, chat there is no difficulty-in'the: change af 
marks in adding, ſubtracting, multiplying and dividing; 
32 it neceſſarily reſults from the nature af the compound 


= term. He will no longer trouble Minſelf with the num⸗- 


ber of negative roots in an equation, as there cannot be 
ſuch things in an equatioinʒ and if there ſhould: be an im- 
e root in the ani he 1 2 
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1 care 8 taken 10 Waun to gt the | 
t e for che perſons to whoſe uſe this book is dedi- 
_ eated, that i is, to Engliſh boys and girls. Hence the terms ; 
| qtiadratic, cubic, viquadratics and the like,. as. applied 
to equations, are exploded ; and the words ſquare, cube, 
folis, ſurſolid, as applied to numbers, are for the ſame 
_ reaſon rejected. But habit will ſometimes prevail over 
our beſt deſigns. Thus, krom the long uſe of the word 
_ ſquare, it eſcaped my correQting hand in page 105, 
Ine 22, where, for ſquare, the words « ſecond. power” 
ſhould be inſerted. , Square and cube are modes of conti- 
nued quantity, 1 cannot be applied to numbers: the 15 
abſurdity is ſeen in the uſe of the word ſurſolick; for, if 
there could be ſach a thing as a ſolid number, thers 
ER be a ſurſolit number, and a thing might be more 
than ſolid, which is abfurd, People err much in ſuppoſing, 
that a word is of little- conſequence, if it is explained. If 
that word has a very different meaning in other reſpects, 
the learner will confound frequently the different means | 
_ ings, and. paſs rough life without having a clear idea 


cute not to uſe a word above their comprehenſion, nor, 
dy bur authority, to impreſs > poſition on their minds. 
which is is not true. If we teach them Mile, we ſhould 


ee panes well: : but we-are N YO 9 


. pon he fubjet. In educating children, we ſhould take 
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vance the bounds of ſcience by this work. There are ſe- | 
_ veral things ſo omitted, which, if the work had been in- : 
tended for higher capacities, would have been inſerted. : 


Thus, the proof of the binomial theorem would have been 


given, and che limits of the roots of equations would 
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have been enlarged upon. Thad alſo drawn vp a ſeries of | = 


problems; but L deferred the publiſhing of them, boch that, 
T might! ſee che reception which my ideas might meet 
"kgs from the public, and alſo becauſe I was unwilling 
chat the learner ſhould be prevented, by $00 les Phe 
on ſome of the rules, from having as ſoon as poſſible a ge- - 
wn idea of the principles. After be has learned the Z 
mode of ſolying ſimple equations, the examples following D 
i will, with the ſections on fractions and decimal fre- 
tions, afford him ſuffeient practice. The ſectien o 
Power and roots tho not engage much of his attention. | 
at firſt; it will be ſufficient to read the bad, gd, and 
a pages, and the g iſt, beginning with che fifth line, gad, 
934, 94th, 95th, that he may be able to find the ſecond : 
_ root of any number.” Then he may'p oceed to page 100, | 
"3 2p; the ſolution of equations of the ſeoond order, retuming 
f to the ſection on powers, when he comes to the reſolution 
an equation of the thind order, that he may be able to 3 
3 the third root of a number. ee 8 
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11 ters of ſchools depends the execution of the whole of my | 
id plan, which was t0.Jay down, in another volume, the prin- 


x deus of flaxion and the method of increments and dif. 
E | ferences; to explain farther the higher pats, as they are | x 3 
= . nalled, of algebra; and to give a o pr | 
BE. 0 ſhe tuo volumes. Having thug initiated a lad, e 
. | pure mathematics, I ſhould. proceed to the mixed, 
=: 8 to plein deten honvches, of natural 


| ſeparate for the esel ſchools, keeping in view 1 
wit des, chat the greater part 'of che zachematics nor 
| tn in the univerſity of Cambridge may be made level | 


| | except. 40 thoſe, who do not refle& on the progieſs of 
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On theſe. principles are 8 rules for freeing the un⸗ 
known number from all the other numbers, ſo that the un- 
known number ſhall be on one ſide, and the known num- 
bers on the other ſide of the equation. 

4. Letta . 
Add 6 to both ſides. 
a + 35 =x — þ + 3 
* „& = 4 4 5. 
Let 3 4 = 12. 
Add 4 to both ſides. 
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7 © | »* 050.55 10. 
2. Let a = b + 6. 
Take away ö from both ſides, 
5. 4 — b = Fo 
a Let 12 ＋ * 20. 
Take 12 from both ſides. 
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the equation, with their marks changed, or the unknown 
number itſelf may be ſtruck out, and placed on the other 
ſide of the equation, with its mark changed. 
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In all theſe caſes, by inſerting the number found for the 
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whether the number is right or not : but this is not always 
a proof that the learner has found the number ; for, of ſe- 
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In the inſtance. above, c da, is a compound term 

- conſiſting of an unknown number, in. two ſimple terms, 
which is made eaſier for practice, by ſeparating it into its 
two parts, the known and the unknown, x and c — da 
then putting the band over c— da, and inſerting the mark 
of multiplication between it and x, we have a term c — da, 
by which both ſides is to be divided, and x remains by it- | 
- ſelf on one ſide of the equation. 
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tion contain an abſurdity : thus, in the firſt equation, 
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1 


| | 3p 5 * . 4 * i Iſt mat = x + 16 
Ir ̃˙—FXA—5 
n . 3d number = .. VV * 
* wa = Ad 43 if * * F / 


by . > * + 16+ x+8= = bo . b 7247/0 


„ 


56 


12 


N _— Jx = 
1 { 8 12 + 1 23 2 
| „ \ 24 number = 12. + 8 = 20 20 
1 5 3d number = 12 | = 12 
Ef: ; Sum = 60. 
A labourer 


9.39 = Go — 16 —8 K 36. JN +24 = bo —1 


; | ET > 5 
A 883 hired, on condition, that for every day 
he worked he ſhould receive 12d, and for every idle day he 
' ſhould forfeit 8d; at the end of 390 days he found that he 
had paid for his lazineſs what he gained by his labour. 
How many days did he work eud * how any en he 


125 r | e 
1 885 Let æ = number of 1 my. > 
we "anew. 0 lg as number of idle days, ST 
I2x = pence received for mark, an eue 


390 — * 8 = pence 18 for ileneſs; 3 
= 12x = = 390 =» * 8 = : 31208 _ 
T * la + 8 = 3120 = 20 


PA al Jo Faß Sail 
20 = 156 „„ 


*. 390 — * = e 234 


9 


He 1 I 506 ar and played 234. 
156 X 12d = 18924 = 234 X 84, 


Two travellers, A and B, 360. miles diſtant, from each 9 
other, ſet out to meet each other. A travels at the rate of "i 
10 miles an hour, B at the rate of 8 miles an hour. Ho 
many miles does each travel, and bow long are 15 * 


8 n * 2 ö = „„ 


5 
1 


} 
! 


S miles A FT over, + 3 
360 — = miles which B travels over. 


| 


* 


XxX 
36 din | F th two o traxellers Were upon the road. 


42 * 


43 
42 


"bp 145 » 1 8 . 


_ N rt 28h gnoitb 88 u l er en tre del FR 
II 100 4164 175 170 r rr n __ 5 41 * eo 7 81 
en 3610 baue nie ee. en Site Fra 
Ware! al % 4/84 36000ßũ%4⸗l gk 01 5 bat 
30-86 tele „ en base, di ib 2765 en U 

8 m — * 99 | 4 gfhg 


12 4 en * 


* 
1 4 ele 95 7 p 160, and they » were twenty 


©, 


2 
1 3 71. * 2 1 < * * *. +4 3 * - 
ar N — 42 LK. 7 * 1 % 9 * « 
5 g 


Four perſons make a common 3 A puts in twice as 


much as B, B twice as much as C, C twice as much as D. 


What 1 of the whole ſock did each contribute ? 


Let. 4 8 ſtock, 
| x = D's part, 
e in,, 6 
pen, 
* Bi 105 e „„ ͤ Jet . 


Frag cg e, K PRI 2x 4 * 2 1 
J £4 .10tiio £95 199m 61 399 5 F 23010 


: 3 * ; | * 
6.4 * | "7 > „ Ni et * 54 * 
I N eng - D's 4. ka» $277 $1 1 il 4 Ci 
* ; ; 
g 3 's parts wy 
„ 72 7 | S *-.- mm $2 4 A \v 755 
Tis 44 * Js „% „ LS 15 8 4 — 20 * . PIP 3 $6 0. 4 ü ) 
” * 
5 i 


* 
. * * : 1 
1 * 
o # > 


-* Suppoſe the common purſe to contain 66 pounds: Dis 
ſhare was 4/. 5 8, B's 161. A's 321, . „ 


* 
2 9 


5 ö | - Divide 


(. 43 ) 
Divide a/ given boil into two ſuch parts, that one 
mY may conan peer 2 giren 19850 of times, 


25 is the 5 ED 
= one part, 1 5 
.* 4 — x is the other nat 
and let; „ = the Auer: of times that one part is to den- 
tain the other. i 155 


. 1. 174 4 
. 4 = IX _ 33 
5 i . eee 
* u T N K f I ] 
x a 5 
»* = 4 
. . i J 55 od mo 
* 413 > ip Likes ie (2 323 N a er v4 3111 37 120 
e ee 
Let a = 50, and * 44 
a 8 
then x = 2 = 2 
„%% TEAMS IN ST; 5 
.*. 4 - = 50 —2 = 48 


and 48 = 2 X 24. 


| Two "WS are mixed PE the one at m ſat 7 
the gallon, the other at » ſhillings the gallon : : Required 
the value of a mixture made —_ a Fe number of gal- 


* 


long of each... e in 


Let a = the number of gallons at a ſhillings, | 
5 = number of gallons at z ſhillings : 
* ma = price of firſt number of gallons, 
ub = price of 2d number aft 3.6 Sf: 
o's M +. nb = price of the mixture. 9555 


64 6 
EO ber dhe price uf x gallon of ae 
r N price of the mixture, (SUL SR 


——— 


* X Xx AT = ma + nb. 


. . 
„ | wy - 


e ome" 
« £ 1 


-'Suppole 50 ations, at five ſhiltings the gallon, to be 
mixed with 30 gallons, at ten ſhillings ; gs 


\$0X5 +30X10 _ 85 


3 e 


* Ge. 10d. 


From the equation x X 7Fb = ma + nb ; if any four 
out of the five numbers x, a, b, m, u, are W the other 
| may be found. * 


8 2 54 Ry . a 


cm FOR THE LEARNER 70 SOLVE 
5 B. HIMSELF. CY 


War number is that, 1 N multiplied by three, 
makes, en ſeven added to the e the ſum 100? 
Anf. w_ | 

| What 8 is Sw. which, Hobs ies 4 by 4, gives 
_ a quotient, from which, if you take * 9, the remainder 
ſhall be ale Anf. 116. 


A field pe? eight 0 of hens which made 
only a third part more than what had been ſown : How 
much wheat was fown? Anſ. 6 quarters. | 


WEEN Two 


5 | tay 


Two Yuvlted and ten pounds were given to two per- 
ſons, to A half as much as B: What ſum was given to 
each? Anſ. A had 70 pounds, B 140 en e 


* 1 8 n * 
D 8 Seat 


Out of a caſk of liquor, 63 gallons were ſold to two per. . 
ſons, to the firſt one-third, and to the ſecond one-fixth of 
what the caſk contained: What did the caſk hold? 
Anſ. 126 gallons. WO. 


A perſon diſtributing * money among beggars, 1 
wanted eight pence to give them three pence a piece; he 
therefore gave to each two pence, and had three pence 
remaining: How many beggars were there? Anſ. 11. 


ON SIMPLE EQUA ATIONS HAVING: TWO OR 
g MORE UNKNOWN NU MBERS. 


8 there appears in a ſimple equation more I. 
than one unknown number, and their values may be diſ- 
covered by means of as many ſimple equations as there 
are unknown numbers. Thus, ſuppoſe the ſum and dif- 
ference of two unknown numbers to be given, let it be re- 
quired to find the numbers, Let a = the ſum, and þ the 
difference of the two b numbers 


42 aw þ 
3 


Suppoſe, 


(46) 


1 of three unknown numbers, the ſum of * rſt 
and ſecond, of the firſt and third, and of the ſecond. and 


third to be given» , what are the numbers? ? 


Let the eh rep be 5 Is 2. 


STO DW <5 4 
Jo tte1)-: other a+9=0 ,π̊ 
G ei hoo a „„ 2 

* 10 1 5 „12 2 c *. „ = K. 2 


Hence a—y=b—2. 
(hg 9 0 4 — +z=y = — 2 
22 4 4 6 
| Mo? Io, 


In | theſe, and ſimilar caſes, two values of one un- 
known number are obtained, by which means two terms 
are made equal, which contain two other unknown num- 
ders; and hence a value of one of theſe unknown numbers 
is · obtained, which may be compared with its value derived 

from the third equation, and hence is derived an equation 
containing only one unknown number. If there had been | 
more unknown numbers, there would have been more ſim- 
ple equations, but 835 proceſs would have been e 
caſy. 


INSTANCES: 


To find two nuinbers whoſe ſum is 5, and their propor- 


tions as a to 5. „„ 
| Let 


8 
emo!  g3::19 Fer W * ti] 
woH ; PIE LE: FE ny ae. 5 vj ge Soft & 00 
. : 5 07 93/29 dae 36 91902 2798 hren Tus 
ang & ile d ifs we Af DA ER 
2 2 —=y = 95 =P; F 3 
. ly = X 6 at } 
be” e 
1 == 7 game) 
2 of a+ 6, 
| | 3 
Sometimes the two unknown numbers may be diſco- 
vered in a ſhorter manner. Thus, in a company of 18 
perſons, men and women, the reckoning was 91. 18s. for 
which each perſon paid as many ſhillings! as there were 
wen incompiny; How niany were chere e 


Fs - the number of men, an | 


7 * the number of, women. TO” 


. XX 2 ſhillings = = huis Paid by the men, 80 


* 1 „„ women. 
2d. ws + 7 = 8 each (= gh 167% 45 


83 


„ 1 
of O43 — 98 
Wy . 


Divide 2d ) xx + 7 5 
by 1ſt 2 


* 2 


e 


ca). 


Eight yards of doch cot 62 
"ew 7 ſhillings, and the others 9 tillings a yum HOW 


many yards were there at each of theſe prices? 
Let x yards colt ge. and y yards 7. 


- ” A 
2 : 5 54:74 n 
ö Wa" ' , 
> <4 5 * 1 
NV * — 
8 — 
ys IJ 3 a 
, * „ 8 # 6 5 
ol 5 3 
0 —— 
3 .. 8 


b of which the greater is to the. 
let as their ſum to 45; and as their ne 


What are the 8 
7 


? 


.  % x + F — 32 5a 7 mb + 
9e + 79 = . 
IE: Multiply 1ſt by ). 


4574 — E 
— 
— Ws... © 


Let * = one number, 
5 the lefs mu Ol 


; I ng: ix ＋ 45 


by che iſt prop. 45 = 


2d. 


um of the two equ?. 5 54 ar. 


* * 
Pg 3-27 — 
DS” 81 —— 


» 


and x 


_andx: 3 an” > 9. 


9 4 


F "EIT 
— 
7 + 74 W de * * 
* 3 38 2 
£7 — . th. * 


75 
9 
Ree. & 


9x — XY — . 5 


31— 3.27 
31 — x 


2x 
81 


2 


= 401. 


=, o ane — 


1 * 
py * . 
; 8 
$4 and.” + pe 
1 * 49 
* . c * 4 » 
1 1 8 


* * ACS 1 .. ** * 5 y 

n 8 J 1 * 8 f 83 [ - A * 
3 * © Li OF "x1 N B ? : 8 e e nr; s 2 * r 3 8 
A 3 3 F 9 PINS) 1 PEE & $3 . 2 * : 4 . 


* « - 4 P * « j 
Fc ; , ? . 7 « x 4 
2 oy. 9 7 19 as 0 3 1 r "4 
— 0 4 A : ION > - p< 4 3 $7 133 2 9 + 
n . C ; 9 ® 
o * 40 . 
8 W "* | „ 
f 1 NOTES ò p) "LES 442 
6 N > tp 3+ Þ * 
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Aur PR hs may be conſidered as 3 — or as a part | 
| Me another number. Thus 55 conſidered in itſelf, is a 


whole number; z conſidered with relation to 20; it is a 


8 part, namely, a fourth part. Five Millings make a crown, 
and ſums may be computed by crowns as well as pounds ; 


but alſo five ſhillings, or a crown, > # be conlidefed as a2 


fourth part of a W 


N 4 p , — 
1 * 1 5 4 -* 
. F 


„ egen, or, according to the derivation of the 


: Mary a broken number, is a number denoting 4 part or 
: parts of ſome whole, and it is written down, by placing 


the parts into which a whole number is divided below a 
: ſtraight line; and the number of thoſe parts to be taken, | 


* 


above the line. Thus 4 is a fraction, the number 4 de- 


noting that a whole 1 is divided into 4 parts, and 


4k e that one of theſe parts only is to be conſi- 
dered. 4 means 3 of thoſe 4 parts or three. 5 | 


, 2 means 1 of thoſe 4 parts or ſeven· fourths; = ey | 


15 a whole oumber 3 is divided into n parts, and that: m of 


theſe Parts are to be conſidered'i in the propoſed. queſtion. 


| Hence — — Is the fame aan * ** che con X 45 


2 the kme * LY 


* 
1 
! 


A fraction coulifis of two parts; ths 1 ot the 
lower part. The upper part may be called the numberer, 
or the numerator, as it gives the. number of the parts to 
| be conſidered: the lower paxt may be called the denoter, 
- denominator, as it denotes the _ into. which ths: 


%, 


— et toe 


— 


* 
8 TS " % 

. 8 _ 2 * , > 

c * _ Ls. I RS REL ——— I» PA : 


6 


. Saba; is by he divided. But tins it il . 
better to make uſe always « of the ſimpleſt terms, the — 
and the lower parts of a traction. | 


* * 
- * (4 . 2 1 . . i 
. 


When e's upper part i is 1 FINE, the 8 part, the 


| fraction is called a proper fraction. by is a proper frac-. 


tion, for it means a fifth part of ſome whole, that 1 is, it is 


15 a A broken number. oe „ ; 


Joh. * When the Hee pe is greater than, or equal to, 
the lower part, the fraction is called an improper frac- 


tion; for though it has the form of a fraction, it is, ſtrict- 
5 ſpeaking, either a mixed number or a whole. Thus 7 
is an improper fraction; for Z means ſeven thirds of a 


I Whole. But if a whole number is divided! into three parts, 6 


"three of thoſe parts make up the whole number, and fix of 


| | thoſe parts make double that number. Therefore ſeven 


of theſe parts make double the whole number, and one of 


: theſe parts; that is, 4 = 2 + 2. Again 7 4s is an i 
per fraction, for ĩt is equal to unity. 533 


1 — 


»A fladion i is e equal to the her found is. di- | 


ä N riding the upper part by the lower ; or in caſe ſuch a divi- 
| ſion cannot take place, the line between the two parts de- 


notes that the upper is to be divided by the lower part. Let 


F fraction equal t. to 0 then 7 means 


that a is tobe matplied into -— and . m. 


kd a 


"A 


15 waeren boch fide by N 


2 7 e 


£4 L 
„ ww 


— 


93 1 5 5 1 - | a 


. "Wy 8 * 8 25 4 


* 8 ö : * 
* LY 5 2 1 ? — | | 
5 8 UTI Dixide Hoek, fides FEM 8 
— 2 a 


W = 
{4 
BS." a 


© — 


» # 8 = — - x . * 
4 „ * **. a+ Þ J E % 

FFF „ BJ : 
p . N 3 * N e vt 4&3 2 & 28-5 fb j 4442 

- P : # — # 2 n . 7 N 3 
=Y 
BD 
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jy , eo 3 4 


1 : of a ny is 5 Milling ; therefore three-fourths of a 
pounds is 15 ſhillings, or three pounds divided by four, 


60 . % 


that is, = 1 s Sg 


. 


| . both the upper and lower parts of: a fraion are mul- 
tiplied by the amy. number, its value is not 2. 


. | = PDE ho 8 SL 


"I 


Manigiy both 107 of. the 81050 ig a and divide. 


| 3 
. by then m * TY 2 =1 4 K 
; t ba a? ut 2 | 5 3 4 


2 ba 


* 4 ; 


t 8b m, or r the abe of the radeon: remains the ſame, 


Multiply WY parts of 2 + by We then 2 E = FR Two 
thirds of a pound = twice 61. 8d. and 12 = =3 times 
162662, Ko = 137. * SHES . f EY 
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- 1 , > he's x 22 g a F EX. S - 
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ö ; ; 4 7 8 . 5 L ' \ 
| ; £ . 1. 
ut 7 ö „E 2 = ; A 
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| ADDITION or * 


10 refore the ſum Ti _ and 


JV ena 4k 
5 LET = PIPE — =, 
0 . 4 1 


0 
OE] ö 8 


4 | 
Eb i equa to the um of m and — 


* ** 
25 


= m + . 


Se nt 13 5 33 3 

a E 

: \ , — + — 
5 4 

1 3,40 


+ p $4 ; 
; 450 . 
4 1 : "y x 5 4 1 7 7 


105 way both de, rg a. chere d 
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8 I ® 1 0 8 7 * e 72 . F 
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5 * ** « 4 z e 3 
/ 4 


> ; * : 4 A A — 4 1 - 
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2 ” * 
4 — 
— — 3 — — 
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; Rule. Multiply the + upper part of each fraction into 
be lower part of che others, and divide the ſum of the 
products 30 the e produB of all the lower parts... 3 


Add together 7.4 HJ•NC%„ 


. 1 eurer, * b. „ 


| / adf. + 4 — 


i 0 


* J* > t 
«2 60 „ 1 4 * 
2 4. Sa \ 
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— 1 N 
! % 


# g | RL | 
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d 4 RW 1 
de 21 297.67 Add ping: 7 en * . *: ITY 


10 Hhree-fourths of a pound =ix5 Gilling ** 
5 7 of a pound = 16 ſhillings, _- 0 
$2 + 4= 137 3 or 2: of a pound. e 8 


Add together +34+4+3. Anſ. 3 2 ä 
Add together 4 + 5 + 1. Anke 1 15. | | : 
Add en] 122 ge Anl. n 225 . 
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If a had number is to * * WED its to "oh 
be conſidered as the upper part of a fraction, whoſe lower * 
part is unity, and the addition is to be made as before. „ 
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% 1 


; Add a a and 5 8 together he. 7 ; 
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Ada together 92 SY 7 · 


D L $34 | 105+10+12 oo 127 _ 
3 KF 415 — nS 


gts af Mad? He 5 bY enge, 5 is 
1 5 4 18 wel arf9 5 ; 7 


* + 


| EO AM | 


Es ed; and che 5 5 


. N 


4 — 


OO _ , atd  cbd 


9 
* 2 N 25 
+ 
* 
*% 
. 
: SS 
I * 
* / > - 
\ 
4 . 
* 
. 81 * 
"=, 
- 
: F s 


2 * 


fractions may de 1 to 22 number thus found, by 
which the oy may b be found with — trouble. 


e a = « 2 N oe N — ** 3 1 
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Add together Dy r 77 and 6. 8 Sum 6 f. b 2 + 5 
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" Rule. © Multiply zho 1 upper part of each fraction 
into the lower. part, of the other, and the /' diffexence of 


theſe praduQts, divided by the Long 0 Wh un parts, 
ide . 


18 115 101 | 5 A a 3 2 


. 20. a 1 1 fy 15 ſhillings, „ e 
ek a pound =: 16 ſhillings, „ 
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y | 5 © "Difference / = x ſhilling * x of a pound. OD. bY 5 
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In mw If a fraction is to be taken away, from a whole number, | - x24 I 
or whole number from a fraction, the whole number is 
d be (confideredas. e Pakt © of a fraction, n 
N lowes PEN: 11 
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Add together 52. an improper fraction, From . 
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Rule, Multiply the upper parts together for g nei up 
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EQUATIONS OF A BIG HER ine 
HAN THE THD. 


EQUATIONS of A Haden is than the third may _ 
ſolved by means of the dividers of the known term; but, 
from the greater number of terms on one ſide of the equa- 


tion, the proceſs will be often very tedious. The order of 


the equation is determined by the higheſt power of the 
unknown number; if it is the fourth power, the equation 
is of the fourth order; if it is the fifth power, the equation 
is of the fifth order; and if u is the index of the higheſt 
power of the unknown number, the equation is of the 0 
order. An equation of the order may he A oa 
generally i in the following manner: 


; 4 a9 + ** + er. 3 4 dr „ 


and, as ſome of theſe terms, inſtead of being added, may 
be taken away, by changing the marks of thoſe terms, this 


equation may be changed into any of the pt of the n 


order. "x : ; % 2 77 \ £ Oo WE 0 4 2 _ 28 * they 


3 


i, A 


| Since an f. 2x0 -2 1 + Pp „ 


„ alan 885 * 7 b 520000 


Therefore, We hy 4ividers of lo one Hill the found equi. 


to x, whoſe co part is equal to 


, oc + be-* + e . 


i 5 


10 1 with AER eaſe the divider which ſolves the | 


equation, inſtead of three ſeries, five may be uſed often 


with great advantage; and as the upper and lower ſeries 
were before made by ſubſtituting the unknown number 
for two 2 the one en other leſs by - 


unity, 


unity, the two additional ſeries are made by ſubſtituting 
, for the unknown number two others, the one greater and 

the other leſs. by two. Conſequently, if among the diyi- 
ders of the known fide of the given equation one is found 

differing from ſome of the dividers of the new equations | 
by one and ee number thus A n folve the: fa 


ORs. | 
EE... Let 40 + ax + 1. J. 


* 1 ö 
+4 ; ö $4 o ; I 2 N 
* * * 4 8 
4 N 7 ; 8 
* 1 1 £ 9322 1 


: 5 8 Ba x 5 + * 105 I 1 7 . 0's 54 4 2n 5 
EY '+\s Ne er 8 5 
N 15 . by 7 b, 2 , 2 


* N ha * * 1 3 8: : Fa FI 
2 s : * 75 ; , | A 23 3 


Ea) 


— 


N 455 
1 © ©» +000 0 
+ 7 : — — *. 2 A k 22 ls 4 0 5 
1 fu 199+ gp = 1296, | 
, * 1 8 123 e PLE $i" VL N 2 
1296 = — 1 — 14. 25 902 25 105 1132 3-2-4 
1 — Joel — . 9: = 178 1.23. 4 
92 . — 4 1 : —9 8 2 "1366 1.2.4.5 i 
"2% 6 — 4. 05 1 La 2 — Wy 6: Se by 
. 3 W £ + 9: : ty i Ts N i 28 jo £374 
| ae need not be n 0 200 "nt eh od eta N 
i | | * 5 ; ; : =; ; | : 5 2 5 
, : 19 55 £ | 
os. 5 1 — 


ere 


"6 135 


Thiere are two die ders of I 1285 differing from Fs a. 
viders in the neareſt ſeries above and below them by one, 
namely, 3 and 4. Therefore, if we had no other data, 
theſe two numbers muſt have been tried in the co- part of 
x. But though 3 is greater than a divider in the upper - 
moſt ſeries by two, yet there 1s no divider in the loweſt ſe- 
ries greater than it by two : and conſequently three cannor 
he the required divider : 4 is, and its e 324 = 9 8 + 
N % hat . | 
If the unknown ger is large, which may bs often 
ſeen from comparing together the known fide with a few 
terms on the other fide of the equation, it will be uſeful to 
change the given equation into one in which the unknown 


number ſhall be a given part of the unknown Wa in 


Wo deren de Thus, he equation 


vcd engl 5-1 en 
l 3515 Pb f er ono me . 


*, 
: 4 reren 
< 1 5 3 1 


* — n 

72 N F . 

0 Fo th 7% * 2 N * 4 Fe Soothe 
8 3 . Do Let x 
3 , =" - „N =] ©. * 


run. eee, is mn no 


2M both daes 5. 


15 £ j1 
. * by 8 — 
. 2 : 5 . 1 * „ # , * 3 tb, 4 
42 n uh 8 * 8 1 $a, l x 8 „ N > 
18 5 1 gt: 5 Ta 1 J * 2 8 5 r 8 3 be 
a FR 4 „% PY 3 1 obs W 3 wa « E 
8 1 F 4 . ® 2 g Ee 3 mm 7 wa 
0 : 4 25 1 + 2 . 
. 0 > 83 — —— ooo — . 1 
x X 5 Ny 1 * "=>" ö . A < * g b 
” 4 92 7 71 x ; * 1 S een * — Ae * A. * 25 +1 , 
E r ; 3 } * 3 5 . . my 
©, * 1 a { s 7 6 
« W 5 OR 


* 2 * 
4 F 3 KEV 8 * . 


* 


'Þ 

Thus the known ſide 7 he nidh lefs, and the num 

ber of dividers may be decreaſed. This change i is made at 

once by dividing the ſecond term of the propoſed equation 
by che number denoting! the part which thie "new un 

known en ö terms in ff eceſion 


. 
a 


C 


| 7 by chat part raiſed in ſucceſſion to che higher powers, 
This change is alſo uſeful, when the higheſt re of the 
unknown number has a co-part. Thus, 


oy Let u an" A le — | 


77 — E. i 4 N 4 ; % Fa 
. 6 3» $8 CS. 7 * w FRET = 6 1 : 
I — 
Pl + N , 0 : 
FS . ” y? . BE kD 75 - Frog. W234 
8 5 en . « w > 
? 


8 


ur er 7 + In y n W -=h 


. Ft - ib fdes by , tt 
7 7 n . 
| Rule. Divide the a AA and che 


terms in ſucceſſion e to che * 
1 55 in ſucceſſion. | 


- 
U 


Let «9 + S0 + 1243 + 1 +-ge = case; 
. 55 F 
*. 5 + 9 1999 10 „ 7058 8 * * = 1.62809. 


1555 
2 i pur ces ” ben 8 = mT to , and 


Ba 1 "NS = . 10. « abk. 


ff 


— 


Ae equal to 27 e . 
be divided by 25, from which it eee n 
8 — reach iy 


ew) 


s, men und dent ap by Aiahg 762895 by 4 k 
Ie will appear that . e er 
| x leſs than 12. 


Let + 223 = 1916. 35 


Since the alm power of 5 is greater that 2M cmd be 
leſs than 5. 


Th 8 5 1 
e e e 


Therefore 7 muſt be leſs than two. 


Fc. | . . N f 
7 VIS 224 = Wy | , 22 1 _ ” 
dh amen a od e 3 
In ike fame aner an eis may be —— into 
another, in which the unknown number is a mine an 


unknown n in ow | a ans Sn" png 8 


Fy — * 
9 22 
75 


: tan eee et 9 + „ 


e 8 85 

| Maar) both ſides of Ae „ | 

71 oth there OE 
5 5 5 This 


tes 2 11 \ 1 OR F =P: 
1 2 3 
3 5 


FA 


E 


F 


> 8 4 
"TH tos. I 2 x 
” r Fn ee 
r 


PPP 1 2222 ... WE 8 


60588 
This change is of ern mon hide of tlie equa- 
don is a fraction; as ib may be made 2 5 n if 7 


is made large 3 ; 


, * . 2 * ** * * 


1 x 1 been mae qt to 2; the Lhdwh fide would 


1 0 4 2 2 ere be, v4, would 
have been KS won the dividers of 80. 


. 


| When 3 3 BoA. there are ſeveral terms 
to be taken away, it is uſeful to find ſuch a value for the 


unknown number, as ſhall make the difference between the 
terms to be added and taken away equal to ns and 


thus: a limit to MAES ee number is found, 


Let 15 — a0. = 896. 


i 
1 

. = 

3 4 * 
12 


If $5 — 2x5 = „ 3X, 2 —2=0, and x = V7. 


Conſequently r muſt be greater chan re Alſo, ſince f 
3 K N = 896, x muſt be leſs than the third root of 
0. ee 10. a LEY 2 1 . Wk 4 5 2 7 HEAT? 


. wm __—__ 


* LEI \ 2 7 4 
: Be e eee . 1 aſe 05 


SOLE 4 eee * 12 = 22 56 l c 


« n 
? * F 

7 : £42 8 2 

. % Klit * + EA 18 43 Irre 


* 4 1 be leſs $7 than- 3/256 me 2 1 1 75 and if 5 
4 — e eee een be greater | EY 1 


Let e — 614 ＋ 9.2. ob 12z 24: 


* F 
As EOS tn GOA WOE acts, 


E 


4 


„ee e, x 6 ＋ 2224 . 


If x4 + 9¹ + 12 = br + 27, one : fide of th 2 equation 15 
ehen toe, and in that eaſe © * 


5 


* * 


4 * * 4 TE 5 74 - 2 
: 55 49 i Gt +2<3 5 Cs} hate lng 


ne, +2 = 42 + rn Kup 53 9 0 


. 15 EY 
465 = # + nearly e ET 


r 7 * FS ZE Hen | 1 
. * eh, 


4 i 0 ] 1 10 5 N 45 


1 


Hence x muſt be leſs FRG three. Let . made equal 


- to two, and conſequently its een n "98416 | 

a . „ 1 „ 5 

of 1 ee . „ 
6. 41 2. i 


Hence 2 is a value of the unknown number. 5 


* 


— 


8 : - 
32 * 2 , = 4 = ” « 
* 1 AA n. a A 4 0 £ : £8 65 30 4 p : 
* 2 * v hx = 8 $06) waa 3 t 2 ** * _ - 
: Kobe oth ot 8 . r A. fi 
RAI anon robe gets oe Oe 
| 1 e re - * 


we rs 


_ 4 7) 


7 Now, if „ is made ſucceſſively greater dads two, in 
: co part diminiſhes, and then increaſes; the product i 

firſt leſs, and afterward. greater, than 24, and conſe. 

quently there is another number which, pe e 

5 "ta will ſolve a EVE a = £ 


5 


— 


ee. 5 + 36 = 56. 


eee, 


. 


T 11 5 36 = e. 
1 | — * e 


„ ; 


x muſt. be Greater thas TE 1 a in | th 
| propoſed equations x muſt be greater than one. And if x 
Vere equal to 4 36-5 9. But 36 — ga in that 
| caſe, is greater than 9g. „ is leſs than 3. There are 
two dividers of 36 lying between the limits thus found, 
1 | namely, 2 and 3. ee — 
1 „ 8 ES =, 


4 . 


Ore RN = 18, 


Ach it or and conſequent x = = „ : 
| ; i FR | Orifx=3, | ö 
5 then en — 436 — "gu + 30 in. 


1 - X CAFE = 24 
| nick in dec cn ſaucy «= 3 


Hf a= VP BER F * f 2 j 8 * 8 
3 n 8141 * 14 E FF s % 37 : J L Is * AG” bs 3 
2 — — 


_ 


t 


( 161 
or dis might hare boen don by the thre fries of de 
viders.” 1 | : 
$61 +445 —36 = 141445 

at 36 1 wif 
$—1=4+5 + =72 2254689004 


f OED 
6 


2 1 3 te the only numbers which can ſolve the given | 
equation, 


SF 


. 30 — e 18 
. „ * * 33 + 3x = 27 = Iv 


555 as + i. 


bs 8 * T =27 p 
3k 2 and e in the e equation. 


1 15 + 300 = * . = 5 and this is found 


wil be found, 2 Sag prlis god: 8 n Fa 1 8 


75 MITE A; 3 4 s. 3. 
eee 3 1 8 


ba- 


4 5 + Ty EPL a Tide 2 LE 


The a dividers t 1 18, 5 FEY a . leſs by 


unity in the upper ſeries, are 2, 3, and g, and conſequentiyx 
if 3, 4, and 10 had been found in the lower ſeries, the 


former numbers 4; 3s and 9 would have ſolved the equa= _ 
tion. But on attempting to take dividers of the lower ſe- 
ries, it is found, that, by ſubſtituting yur Forx, or writing 
down the terms to be taken- away from 18, there is no 

| "8 7 © 


1 - 
y 3 
* * 


e 162 „ 
number from which dividers can be taken in chat form. 
But, on examining the new equation, a number is found, by 
which the value of the Nane Rent HAT. 11 9 
. „%%% M= l 


* * . wr , » e : 
N 55 3 * L i 2 
* * S 1 7 
1 l 4 . 
3 1 5 1 
N 8 . . * * oo 14 5 3 5 2 - 2 * - 4 1 
ba de. SE L £3 4 '1 J : * ; 323 UE IT 8 . 5 ; 33 
. 8 Let * . 
> 8 


N of 5 1 355 * tp £2 e TN =: i h 155 
| + SO e bo „ 


i? 


. 
** · e 5 


' 1 we 97 1 —— 4 : mo = 
. 8 3 7 


2.99 z., = 8 


i . — yy: — 10 = 18; DAS. dy 
| | 1 5 . 7 — 4. 


* ; . / 
TVT e A 45 5 : 2 8 
JESS X * 3 n nn 2 F, Þ 29%, — - 2 G . 6 i 4 »y Fl 9 . 


Ki 0 2 4 18 greater Watt 0 a e Chntqutnty if a among 
the dividers of 18 there is a number leſs than 4 by unity, 
that will folve' the propoſed equation, and no other num- 
ber can. On ſearching among the dividers" of 18 three i i 
found, which therefore dolves the gen Es ot 


ny if : z 


* RS F b e I ro a 4 
CO 5 $74 ++ * 4 Oe yy. A 28. & $4 j 1 G #3 
3 "3 * De 5 5 e N x F «+ "x x 1 3 0 : 

4 5 


Lern Gal fg. + 2x = 10. 


: *% F 0 * f 5 a 8 2 L ' by | : I f 78 
22 * S ˙ $2 5. PL f 1 1 5 — 2 * 235 3 1 * 29 1 * { 7 Be FEY 2 05. 1 
0 yd . 3 ve. T 5& 4 9 4 * * 3 \ j 4 1 1. — 4s £ b+ * 5 Mi © 


* ; = * 
rp en * bs 7 1 +7 & . 10 
Te 2 
23 44 F245 pts N. er thn , . 5 
ii LEE 55 
9 72 ry 1 — N. FS. 2 4 7 wh 5 5 x ? 1 ; 


. by 1 2 — 2 * 8 4 
S en _ PP = * 
* 3 Fi 1 8 7 th 7X 2:5 2. * . ITE IF ES 1 15 Ya 38 1 EX 


e E 11 1 — 6 — my * 4 = 0 


f - o 8 5 * = þ 7 N * RY 3 * 
1 2% e 7 n T” > 1 MZ „ £ y 
£% — 75 & 2 2 1 7 17S 5 1 2 CES: 4 1 1 * 4 ” LE L Ive; 8 1 BF # 
* * * "1 * > 


* 
- 


* * 
. * * 
* 

ww» 5 

i 23-0 

4 

\ - 
* 8 : 4 
5 7 
4 * 


0307) 
| 3 Let * 251. 


% 


i 75 
4 we „ ay 1: 
| + * — "ou" a „ 
. 27 8 5 
1 | 
Kr 299 ee 
TLDS on 10% + 295 = 30 
** . 0 5 
Among the dividers of 15 there is 2 number leſs cha : 

6 by unity, e 50 ſolves the Rey Pann, N | 
; 2b e | 25 8 0 : > 
Hence, if in attenigeivg'to ſolve an . wh means 

of three ſeries of dividers, it ſhould appear that the lower 
7 ſeries is wanting, the equation may be reduced to one g.. 
ng an inferior'order with an unknown number greater 8 e 
ty, the unknown number 10 the given EO «or Tn 5 
m- ; : 3 
13 15 the igher qd tis in che of the third 1 | 

| an approximation may be made to the unknown number = 7 
by changing it into 4 8 8 N or 8 12 5 a Fee Bu 
| eee 5 ; | % 


* ig nid greater than one, and leſs bn 5 


„ 193 Let = 5 +: 1. bo 7 
5 eee + of oe WE: +, 14 


5 avs : 20 7 13-1678 8: 6,6 ( Romer. 


. 
laſt benen 3 y . \ . \ 
Toad + > ©, 
5 3 912 : 7 LE N r 4 £ g J 
5, e 4 9 3 x 4 7 I" N fo 1 2 vid * 7 = 
8 7 * 4 * e 7 ea EY 4 „ * 
q - * 
, 


1 f 164 } 

„ 4% + by? + e = 4+. 

| f ＋ 16 =4. 5 
„1 n 460 +6 25 75 Dividers. wi 


4 + 45 2+ 6y + 164 is ; greater than 16, and leſs than 20, 


pas v is Wen 32 and 3. 5 


\ 


SES IE 


4 #5 


Subſtitute I 13 1 a 7 *, 200 Gom ahe new equation 
another + 158 may be obtained, and ſo on. | 


* 


ol 75 o ; | 7 % 
8 65 6 * K 75 


5 an „ 1s; eee to 1 an "aca 
of a very high order, it may be uſeful to examine, 


whether it may not be depxeſſed into one of an e 


order whoſe: ſolution is caßer. Thus, let & 4 + 
Ir be propoſed... Then by making y sf a ney 


equation is formed, y%—ap?, + by = 1, from. the ſolution 
of e 1s eee by bee the ſecond, mot of thr 


TEES {51 


. 3 n 57 > g x 4 "> 5 17 r en om TY * 5 XX i. 8 : 
—_ 4 2 #34 1 - By 


8 en 274% . a 4 
N n 
8 ; 3 He Mat 
Hi}. , : + $5 24 2:4 * A ** * 
x; wa BY ELF 1 F. FEY =5> = ere 3 
80 Ft eee 
7 5% 4. 1 1 
: a I  EDALESEx 
; #7; "| oy Rag: 2 
3 5 —.— 4 $ wy 
ay = ; g 
ö , 1 
8 m7 3 Fs 2 
| tn 7 + 


and. x. = the ark root of thi unknown number in the 


8 
wt 
Ss 


- im gt an 1 ecuniitha maybe Ates to one of 
lower order, if the. indexes of the unknown number in 


che given equation are diviſible by the ſame number. In 
dhe e * —ax* 151 be” 2 h the indexes 6, 4, 2 are 


. „„  divibl 


2 
% 


4 
q 
A 


0. 


on 


yp 


0 1654 ) | 1 
4:vifible 060 FS the equation a ah; * zr cannot 


be depreſſed, . S. 3. 2 are not divilſible by the dune 


number. 


* 


BI 
#4 4 


ox THE MODE OF SUMMING A SERIES OF NUMBERS 


WHICH FOLLOW A COSTA Ce 727 


IN endearing. to find a decimal ay a common 
fraction, it has been ſhewn that a ſeries of figures ſome- 


times recurs, and that any given number of theſe figures 


will differ from the common fraction. The diviſion, 
which profiuces this decimal, may be continued without 


end, and hence the decimal is called an infinite feries. 
The ſum of ſuch a ſeries cannot be found; but . i 


che limit to which it is e appronehing, may 


be aſcertained: 1 5 733333 2 Or 9 Ee fig td 


+ 
3 100 


"a 4 #$ 32 8 


25 23 60 „ The tay of t fries is that 


10000 


* term is one-tenth part of the preceding term. 'h | 
the lame manner other ſeries are formed 3 and from the 


lun which: 2 followed i ing the nn of TID ne 


; : 407 2 
1 2 


ig ; — TRY... 1 
Ws, 0 : * ; 3 & WW: I * * 2 > 4 5 „ 5 £5. * 
* 


bers each Am dite from the 


If in a ſeries of " 


5 preceding term by a given number, the | terms are aid tb ; 
be in arithmetical 'progreffion. Thus, 1, 2, 3 Fis a | 


ſeries of numbers i in arithmetical pragreſſion, each. num- 


ber — the * number by unity. 5 95 4 4 


ED 7 1 
* 3 
I 
1 2 
A * N 5 
* * 
= AM 
bo 3 
> : * 
. 
ff 
: * 


| 
[ 


| and; the. common difference are given, the firſt term A=I 


FE Eo 
is alſo a ſeries in a ſimilar progreſſion but: decrea Ming, 


i each term being leſs than the PR term des 2. 


Ta nd KI e any ſeries 
| 5 nümbers in arithmetical progreſſion, whoſe firſt term is 
and laſt term L. Let n = the number of terms, and 6 
the common difference. If the numbers increaſe, b is to 


| be added to any term to make the ſubſequent term; if the 


numbers decreaſe, b is to be taken | ja Roms, any term to 
make the 8 term. Fee, 15 


| ; i 
7 


"Let ike Silas reden ey l Increaſe; then, , Gace A; is 
the firſt term, A ＋ b is the ſecond term B; and the 
third term 2 B ＋ 3 =A 4 203 the fourth term 


: D= C+4=A+ 3b, and ſo on. Conſequently ſince 


31 is added to A for the ſecond term, and is conſtantly add- 


ed for cach term afterwards, any term in the ſeries may 


be found without knowing the preceding term. Ik the 
fourth term is required, þ muſt have been added three times 
to make. it. Therefore the fourth term is A +- 35. The 
fifth term is A + 45. The'fixth A A+ 5b 3 and if m = 
any number, the ni term = A + m=1»b.. -Conſequenth 


15 Ke 


. if of FA 3 0 che . am hs liſt 
term, the number pf terms, and the common difference, 
any three are given, the fourth may be found by means of 
ple equation. If the laſt term, the number, of terms, 


.—b * =. If the firſtterm, laſt term, and number of 
*- — A 


er are Goh the common & deren 1 3.3L, 


1 
” © "hy 5 . * a : * 
1 ** It 7 ty X 3 F wy? e o * 


t 2 


F S £ 
ws 4 4 : 5 7 4 þ {3 8 « 7 . . 
5 " 3; 1 * en 5 1 . 7 3 5 * * . 4 4 

„ 9 — * 4 + 4 »: Nee i 

4 Ts 3 \ F ; 4 * 24 : 

1 £ 8 * n _ ? 25 

- 7 * * 
5 x * z 7 * 
; : > 


ng, 


bt A =I DS 2+ 30571 2 2 = ee. 


0 35 and * 8 4-28; 2-4-3 F474 A eee e £4 
A= = Lad N 7 45 = 603 101 = hes _ . 
1 ee 7 R m Had i at artie) «ih; 

What i is A Sen difference in the ſeries 27 Ins . | 1 


| R gene, gd e, 25 
and there pad twelve temat Hh 


> k 
5 bs.” * - : $i » 8 
* 7 + * * in e * 2 enn be — 
I 4 fettes of mimnbets 


tw) 


If the örſt term, laſt termyand common ee ar. "= 1 


ven, the number of terms n= us HM 8 0 26 2. 9 


FS 83 

„ 2252 II I 
1 | 

3 bt A 


What is the laſt term of the ſeries 2, 4, 6, 8 - == =» = » 
ering 9 terms ? Here A = 2, 6 = 25 and a = 20. 


What i is ; the Grit term \of the 8 —— 84. 57, 60 
having 10 terms, and 60 being the laſt term ? There are 
three / terms of this ſeries written down, conſequently the 


common difference i; is given, bor i it is IDE to 5 — "54, EY Wy 


2 


: 1 
7 — bY 
e ; - 5 4 : 
8 * \ 3 

f 0 — a —_ 1 ed 8 — 44. = "4 3 * I 
EY . ; _ kr So AER Wo 8 

„ 5 72 = pegs 1 Sa 

—— : : 5 : 5 . PE s : ? ' 
. . a 


5 | i 7 2 +; 25 787 bY + mY ? = 2 Y 7 : : 3 
Wust is hs number of terms in cis 2 1, by 28.-- e meg OY 
22 * 9 >- * 1 20th ER 9 Re +5 . 8 


2 4 2 12 2 e | 3 85 


in ar fiheical Nen wg oo 
kum of ay ws number, equally ditant "from the „ 
tremes, in equal o Me fi of d lt and itte ee ww 


4 : = * — 
1 ITY * : © z g a 
„ : : : i . 221 
* 
1 * 


: ' 
by 
! - 
1 . 
3 - ns won — — 2 5, 
= 4. 
3 47 6 

> . ts. 4 a . 

. : 2 

% „ BY 


—— 


© FD 7 | . 0 168 )- 
4b . . 1E L repreſent # fern 
4 5 We in arithmetical progreſſion. Then A + = 

7 i! | FD ſum of firſt and laſt terms. The ſecond term B = A +h, 
Y 2 and the lalt term but one K * L — by. W 


% „ a cny > 


e „KAT LEA. 


| The dlink term C = 4 chant nie jen 
4 1 . — 2b, 2 2 Os 5 g 5 
In „ REA bp A+U+L=S=A+L | 
z | a 8 che 5 Ta 9 appear, t that a any other t two 
: 5 numbers N diſtant from The extremes = = = A . 1. 
* „„ PF there-is woods cuba of terms in 6 the ſeries, the 


mu term is equal to- half the ſum of In FO ns 
Go . VVV 


1 


I RD co For the middle term 3 is the term.denoted by = _ * I 


Therefore the middle tem = A + 8 = 


$ A « n 1 . n — 
4 < — —— — But A +715 5 = Is the 
4 2 % 4 of N Ga 8 4 4 

3 „ 55 1 EN — 

middle term BEES 4 
| r Hh ION Docs LIT PE oo 
8 ; 3 of $6.25 8 G SED 

x f Fs | WES N i: 7 

1 * \ AY 2 F 
3 8 © The fur of a ſeries of numbers in. ar | progref- 


Wt gen is equal to the ſum 10 the firſt and laſt terms mut. 
1 Into half the» me, 


0 


# 


a aaa 


of 


* 


3 


3 
3 r 
- * 


| s -T == X nr +L#? = 


4 _ > ++ 2 
3 0 » A £ <.& * * 07-2 
» : 1 * $ 1 po * "EF. * 
* * 4 * [1 « mY 
d 3 ; 
UE E we #*'Þ 


1 


Uh a number' of 


2 


ſeries is equal to the ſum of the firſt and laft terms, and of 


all the terms equally diſtant from them: and ſinee e 
pair of terms thus taken is equal to A+ L, and there will 


be as many pairs“ as units in half the Sj of 28 5 wha | 
ſum mull te rope bo T X - Nh | 


Da 


_ J 
- 4 


If the 8 terms 18 oh, the fan | is MP to othe . 


ſum of the middle term, and all the pairs of e | 
E 0 


ASL #nA a eh I, 


— x A | = 


* 
* * 


diſtant from i it; ; and EY it is equal to 


2 
1 


8 

. if 8 = te ow of the ſeries, ſince A, L and n 
may be found jn terms of each, other, of the five things 
A, L, n,band 8, l given, 9 „ 
may be rn. ; Z LE. 


; 63 $ A" * 1 933 . 
„ | £07 3 5 # 
e 8 * * ” F 


F oy Io be — : X 1 * IJ 
5 223 ir N I EY ; + 5 g „ 
LI OE 5 2 
= Wa 7 EEO S OO 
a ; * 5 py , d 3 4 = 


1858 


811 * 25 a „ e, 


1 50 05 " he? 


e 


K 
93 


; — : 
— N. 
55 \ 
g LIN E 

*”. 5 ol 
% - 4 
. | 4 
> $ 

5 7 : va 
; - : 2M 
; ; . 5 

* i = 

þ 


ne ) 
A V And n Pa ſecond. - * 


” 8 vs 4 A * 1 
. 5 Ved BL 1323 9. 1 48% 
. 4 14 


3 | | RP LID | 28», CELL S = { 
1 8 8 3 2 2A ——— 45 1 — 8 — 


3 1 3 f } , f 3 * - L 


t 


. 


E ; A. 8 e the firſt & equation LR kes 


Py 
— « . 8 n ; i 


»= © 


t : > © > 7 +> 6 1 n W 1 
5 F Io ISI EG, o 18 
[1 


4 
1 © 
- * > . N : . 
62 F "> 1 4 L . 
1 1 4 1 2 we ien 3 8 NB» een 1 3 
W 1 * 1 8 n n 5 8 4 EN 74 8 
. - bs : o 444 6:44 9 , D FO OO IE TINT OE „ * 


I 1 1 From the firſt een bg Bd Co 


. . * 3 $-20% 7 33 # as, 


28 EY keg 
_ 2 mL 8 -/ 
þ = 2D x es 7 = = — — 8 

5 „ 2 — I l IRR 


ES „Lesbe the e 


1 
LS . Ks, 448 
ES . $a a 4 x 
* 2 4 
, bee N * 4 
SY * T8 739k ba T 1 1 * 8 A 7 wy 
ef b : "A 2 * 
| 3 r 2A X — — a —d ! 
: R + * £5" Lat wv WM ws ORE L 2 q 
FO Wie en Eo a i den HR On. 
0 
; Tb 125 


m4 


. From the ert en 
8 Fe " "Lo + 
rank: $i 3 . 


{> e 13 \ WP a 5 
f 1 Bobs 1 N * 4 ; 
5 j * i £3, % I Kon 4 CES . 
| „ | and 
— * Sx — ; 2 9 8 
N - PE: , 3 2 g r 12 
” 


28 21. — 125 . ern og, 
RY + EO 4 Im 75 = 18. 


777 8 „ 80 36 t 

\ | If 5 tarts: of the ſeries decreaſe, the Pn equations 

map be uſed; by changing only A for Land Lfor A. For 

5 by making the laſt term of a decreaſing ſeries the firſt term Wl © 
„ Hof the ſame ſeries, read the contrary way, a ſeries of 
„ W e by a common difference is formed. 


8 | — 05 


Ties 


„ tm). 0D e 
a, a 4 25, be 27 K n 
fame as a + 115, a +2= 26, a+3=3,. b === 


r 


4 ＋ 25 az in the latter caſes + 2 — 1 . ö being the firſt 0 | 
term, and a the laſt terms; but in the former caſe a was the os 


fr terms ande + 7 f 6 he hö term | 


bl 


| What i is the dum 3 el of- terms of che ſeries 
1 18 55 


4 


i 1 . 
* . 


1 this ſeries A = 1 ee 4 
113 * e 4. 96 = B+FT a= 85 


| I 
15 9 1 N Lo: ee ee 55 


7 What: are the gelt 4 laſt terms 80 a ſeries in — 2 | 
4 tical progreſſion, whoſe ſum is 1796, common difference 3 
. and nien of te terms us, E 


8 „ 1196 | CD 
e a ih, 23 ue. 5 
1 8  =8 + 22. 4=96. | - A 
| What is ; the Bra 5 terms in kes whoſe 104 , 

1 an oh ſum 1 and yay: WE 5 1 
PR Ks | | EG Sk 4 15 5 ; 
*or fs E e e 5 
m MO ET rc 5 
of l. b=2k . 5 bf 5 
ed. 2 | 


$S 
q 
” 


* 


# 
— : E 2 
* 4 W* 
7 


Xp >. < 


= 2An + 1 = z * „ 2A . 


* 1196 = 


f EIN „ „ x LI q% 

| What is thee common We e in a ſeries who: firſt 

3 . 5 „ 
| VI ER mp * 3 ho n 1 8 4 « f 

S = AT ATA 1 . 
0 2 
e 4 5 2 Ky, " 2 : 6 , 
8 22.5 x > | 


5 


The queſtion involves an abſurd 


- 


— 


* * 


* 


3 ens * 2 


*% 5 2 
FF 


Oy L= Knobs 1 5 I =$0—4'X 19 = 50 — 36. 


* 


for 76 4s greater than 


— 


30, and conſequently there cannot be 20 terms in this ſe? 


8 - #545 
1 + - 2 > 18 of * 3 2 0 8 2 * 
3 8 a *, * 2 ; 5 * f © 7 N 
* A * * 2 — 2 £4 4 3 . n 1 
+ by * 1 os it 
7 4 * "4 — . 
x » 4 5 NY h Wy 3 
˖ A — 7 » 2 779 * 
©: z 7 > E: 
: | vs ow 
5 « is 
? Cu - . 
. 
i 4 
* x * 
1 
* "FR 
. "OI * 
2 
- 3 
» ; : a 
# T ; 
* 7 - 
— . 4 $ 9 * 


t 
0 
2 


dS. 
> 


ei 7 A ” 
3 of ö 's r 0 3 
8 HR 2 N 8 2 8 We 2 £ * 2 9 * * 
2 va a 5 * 2 £ oy A 
* x; Ie 5 (x 25 * 
5 x bf £ 
4 
* % s5 4 
* 5 oy 1 


A - 
Gf er e eee . 3 
How 50, 40, 
5 12 * * * * 4 "» 2 > : , 
* rn $$ N % 3-8 2 2 We « A. : b 
2 — - * _ - i pe '-» — — v8 LEES Fas n iS. 1 7 ' . 5 5 
5 ann , 144 s * 4 { 
4 ö 
* by ; 1 OF IR * " 1 ” » ; - 2 
Xx r 94 . 2 2 3 Wer Ves 2 Eee: 8 4 Ex 33 7 
F - „ A Buy. Sb * Es 5 2 * n 3 n * 8 
5 : . 8 F 9 
2 


See ee pp TN Vf. 
numbers, the laſt term muſt be either two or four. If four 


is taken for the laſt term. „%% a 
| | 3 ; | 
5 A - 8 £ . þ 
* « . 4 11 Py tp l K+ x4 4 , 
w F 
4 IF - 8 t ; 
; ; 2 . 5 of 1 5 
2 » E 4 mY " 4 


& | 1 . LY <4 , 882 5 * 5 | Ss #2 1 es | 
8. 1.4 50 — 42 46 e ; 
. f ; . 9 : 2 ö 
1 5 « ; - 5 + "+ 1 ; 

ö . bs 46 : > - 
% , £ 
. * - * — * "4 # 


5 323 2 * * 


. 
25 * 
* — 
— 
& * 
* * 4 * 
8 3 8 A . * — — . * * 7 * . 
. 9 Ke 3 3 5 AYE 8 4% ö "We IE n N 
: ; 5 8 hw f > = 8 wb 1 $7 8 2 N. 24 * F * 
#s 


fore b is not equal to 4, but to 23 and „ 


But the number of terms muſt be a whole number, there | Os 4 


„ ä VVFVTTVVVVVV OT es 0 Be Wo 
b is 3 1 1 | 

If in 7 of numbers each term 3 is a given part or 3 

multiple of the preceding term, the numbers are ſaid to ff 


#. 3 „ 7955 
repreſent a ſeries of numbers in geometrical progreſſion, V 


and let r denote the given part or multiple. Then, if {+ 


are in 'ari increaſing progreſſion, B A, I 
C'= * , D . And the | 


2 „ > 
. 4 1 * : — 3 OY 
20 7 * * 4 1 ft aw 3. 4x 4 ** S 
: ; | 1 . © SO EEE TS TAG #4 230" . . - # 
i : n . W '5 

* 5 4 - * 
2 Xx +. 4 14 — + 7 * . * * * - 4 4 
ö ? : 4 1 


6: 1 5 * 4 1 — - „ W * Z 0 1 e e 8 = 8 . 
, a r n . "RE EA — NR WT AS 3 2 4 


k ad the ſeriess the t err 


w 
* 


begins with the ſecond term, and is continually mul: 
lung into itſelf to produce the ſubſequent terms. 
L= AN: and if n repreſents the number of Any 


-iefelf is equal to A *: ety 
Kuen 18 L832 T0Þ © Jak a; 
In a geometrical . the product of any tiwo 
terms equally diſtant from the extremes is equal to the 
mm of the n and laſt e. „ 


5 67 A „K. A ** gout 
© BxK= A xr x / A Ke” = A X Ae = AXL 
rg 2 29 LN Ax * 4 ; ©, OT 1= = A * * 
Cx I= A x r "XA x ns 225 eee 


* 3 « 1 * 
+ 


"ws & 


I 
* 


f 


IF the number of terms odd, the e middle term is el 
to the ec root of n of the” = and laſt 


_ ry 
U aa CH — * 413 * . 


WT ? E S405 2 ; K 2.5 FEY . oy. < ; - HET * . 
| 7 


aN = mide terms then i ==> 72 1 


1 * 4 - F 
AF 8 „ | 3 
3 


terms. $2 | L's „„ 
F 1 1 f Is: wh * : 4 * 7 x bY 83 j 


„„ x US ers ; „ o wire ang 2 25 
G7 1 Ts GELS —8 SEE LJ A r N 4% 5 3 . £28 
. 0 . n 8795 1 A 8 wo KS ES ES 1 11 . 
4 ? 
1 


p MAX 1 N A e To 
R re Ax os Ax Ax gm AXL, 


of 


9 * 


* 4 2. * e 
4 4 2 
£ 44 * w . "OO ien, 2, , . 22 e 
* « 
wh 6 $537 '» . 3 { ; : , ' - 
7 47 } YE ; J FR j 8 : 3% , 

= 5 $5 * 5 4 * N 22 Cl i 5 5 F 15 Wo 8 5 * d ; ; 2 e 5 > ' FY 10 4 + . 5 he 
— wt * * 4 . . 1 WS 


(6, e Greg: e e e four Ae b 
Ny „L, r, and n the fourth, not only equations of the 
higher orders are ſometimes involved, but ſome which 
cannot be ſolved by any principles hitherto explained. If. 
te firſt dens. and common MENS, and number of 


v$'= 


* * 0 
4 7 £ ? . « * 8 | 5 


25 j 


* © 1 1 > 4 A... 4 
* > 4 4 AE 2 1 7 " 7 F 
7 of 8 va" = 5 
— 


* 


Ln 


If the Kik wem Ut thre” and ie ps 
given, 5 common multiplier may be found by the 


he Wo” "2 1 
highs ade. - 1 A 


5 


tion 2 3 which 3 is, an equation ao, $6, ſe 


e 
* 
4 


i" 8 W 
5 ko; E 4 #4 
: ” p IS. g . 


may | be bound. 9 5 „ POR. WO LE ail.” g 


a . conſequently ic A, 125 0 Fe given i in 


this equation, the index of 1 is unknown, Fe this is to be 
diſcovered by the means of logarithms, which are them 
ſelves formed from the indexes of: 2 ſeries. of: numbers 
geometrical . „„ Ky 


„ a ſeries of numbers in geometrical 3 
and let another ſerĩes of numbers be ſo conſtituted; that 
each term may correſpond to a term in the geometrical ſe- 
ries, and be equal to the index of r multiplied into ſome. 
given number. Thus, Jet the index of the terms be 
multiplied i in ſucceſſion by the number 4, and the two fe- 
ries may | be written down, the laſt formed ſeries under the 
other, Thus,” Br 55 172871 8 5 bes 0.0 04208” e 


A N NM 


— + 
* 8 
« J — 5 * 4 4 o $ 3 1 
_ . . : . 4 N rg * $4 28 2 n 
4 „ P * wm 25% _- * > — 38 - 55 i » ; ; is 
OE no a IO : 6 bh . 
. 0 n n : , , 


„ 1 12 4 > 014 ed 2 4 2—1. 
0 5 i . Ko "A 73s 4 : 


4 _ Ak : * 7 77 £ 8 1 
J " . $ & * 
a 4 — oy 0 


A = Th Xe, conſequently L, * and being given) A 


Let 1 7 * 2 — — . 


= 


»* 


4 


= # 


— 
25 
5 
- . 
13 
E 
” bs ; 
„ > : "4 
Ay E 
LH 
14 * 
3 5 
2 4. 
7 
. 
. 


= n * 1 W 9 
5 r 2 33 2 E! 5 * * . BS Et , 9 
75 % W & , * * < * — 
2 0 * / ; 
4 * 
it T 
8 7 
4 7 
” 


The lower ſeries is alle a ſaries-6f e and, 
the terms in the lower ſeries are called the logarithms of | > 
pri terms in the upper ſeries, to which they correſpond; | ( 


$ 


„ 7 * 
# * 7 : g WER 2 1 
£ 3 i 4 OY NS #237 


Aris made equal to ten; and inſtead af four for the 
' multiple of the indexes, one i is 


- — 


1 Wt TY 5-3 2 E co 2 38 


2 2 ** L 4 * 37 
* b £ PP $5 "> i 7 : \ . $ 4 ; hs” * 0 0 +. * \ 1 
: © 1 OW > 5 3 * 9. 4 ——— — By 2 A8 ens 1. 
526 : . i - : o 7 1.44 _ 0 | 7 i * 4 og 8 


— 


j 


Thus 1 is the logarithm of 105 2 of 100, 3 of 1000, and. 7 
ſo on. Between the numbers 1 and 10, 10 and 100, 100 
and 1900, a ſeries may be inſerted of other numbers in 


- 


e re, Thus, b 28 oa 
FU ESL 3 es FA < my pln {2 —— 4 * N * 0 f 


1 8 8 oy Whoſe laſt term Fad 10. | 


4, 3 . 3 4 * 
DEP K e It * 22 . A, £44 . & F +: "# 2 3 NY 1 1 


ht wits — between 10 and i6o a firilar ſerie 


. 


Pen”? f 5 a \ ſe is 
. _ 2 9 * Be N = * 

— 
* * £ 1 8 75 : 


i 2 
1: B * 


. i 
. EEE * gh] . ERS. . 

2 „ * a 1 1 100. N 7 5 2 : i 

28 "> n 5 J ; 4 7 5 8 1 S 2 e TY Cn eb 22 5 b 


4 
& LES x „ 7 — 5 , Gas "Ss BSE £, þ 198 8 


5 eee ek rithms maybe fed for 2 
numbers between 1. and 10, 10 and 100, and the other 


N 3 "x * 1. e Nr 4 ry; cf 7 ** * £ 
1 1 . 7 2 , 7 £38 7 2 ” 8 L 12 2 - ö * 1 [i 1 
f JW oy 22% 27 8 „ 9 * 8 . 7 IT . VVV R 5 
* , G > '* N . a 2 „ 7 4 


1 


E ted 5 " « 1 5 : 5 - 
3 | yn” | | 4 
L — 1 "ſl ©. P 1 os he 4% & 6 8 2 I 2 ye * 
12 2 ; Rf 0 7 4 : * n 7 8 * 8 3 * 
„14 3 A n , Nan . 7 5 48 "I 7 n 7 $4? 


Ms that there was only o one term between I and 10, 
which may be called x. ee Se 


1 


1 


re 
1 
my 


1 IE $20 2-19» w_ 4 = * TO, SE 5 * 


78 


0 = : ; * — 
5 * N 
* 3 * 
5 f G 4 
9 2 * y 
5 1 
g I 8 
, Ee 
4 F 5 fl * 
- 1 
: * 7 
* - 
þ £ mow * F 
F 5 : . 5 
- 
— * * 
' i 
* * $475 3 
* \ ; f . * 
* 75 * * * 
ä # 
„ * 4 2 . 
5 [i 4 * 
. 4 A 
17 5 9 f 
1 3 
8 * 
* * 5 
Ho T7 P $. 4 — 
* , N 
+ — * 
* * 2 
A 4 3 AI 12 


. * n * 1 GOES 1 
8 5 FIC FFT a e 2 > 
EE N : - - 
4 
4 
8 
E * 
*. 
* 
* 
N 0 
* » * 
2 I a 2 
25 . * , 
. * 1 8 1 q . 
4 . 
þ > . 
4 5 
* I 4 $4 * 
+ — . 2 1 : 
; . 2 ol : 8 - 4 1 ks, 8 
* N 7 f oF 3 "A 4 21 . , 5 oy a Me ue Six . * 1 (F E 
: * 0 2 "a 8.4 $3 N 8 8 . 
1 8 s N ian 1 5 . 
2 
n . : N 3 
; * . 
* A * : 4 : 4 


only one derm 3. . 151% 16k, 


Den n 7 EEG xi 3 67 Be Fe $2 I 7 
: eee FF 7 VVV 
8 125 * * e DEF & ef bs 1 F138 * r Nl P F157 * r? £ 1 
1 5 4 F 4 
x ö | . 7 2 8 Fg 
8 Px” : Wes ; , , I 4 . I? ; 5 5 i 4 9 80 — 0 
1 8 PS 2 T F RV Tat. 2 ws 
N ' 27 9 A ; E'E % 2 n y 
FL IP SW * I OF; 7 ==, £11355 | 
79854 l : 8 2 * E, 
3 > + 1 s 4 2 O * : =..4 * * 1 * Fe Mm 8 4 7 C20 I * : 7 — 
4 1 * De F* 1 * $ : 
os Eb. En EY I 2 320 
. N 4 $ 1 4 * 
£ 2 Vs aw os Y 


Between 4 and 104 


1 : 
t * 2 
— 


HE. 987.2 
which will be equal to 107 J and in another number — 


4 „ # : # a 


N — 


may be in like manner found equal to 1077, - Thus be „„ 
an 55 0 


PEI 7 oy Ll FFC LN | I 


wt 32 3 5 22 3 


5 — 4 
f 57 5 * „les 8 et Fenn. * AP 
A "3 » q 


x & . s 
1 1 5 155 3 4 * —* Q - 
7 8 will i 2 CES 
. e 6 
ms n Os 
* 7 * 4. : - £ 
* . - 8 
5 


K 1 
+ K 7 
: 


+ Fl 32] pe * 0 this 7 Ke Þ 5 x 2. 4 1. r B65 ? . 3 
n FFF 15 ee EEK £4 £33 5 — 


b 
* 


INES . 


1 2 as Bs i 


other numbers without end, "for there is no limit to se - |} 


13 * D197 7+ hd ASST IE» 


numbers between 1 apd 10, 1 and 20% or 107? 


* — + 
2 4 1 * = i 
— Fo & $5 * © 
7 
1 4 * A > £ 
. 4 + 1 ? py 
1 0 4 PE + *> > „ N ? » 2 * 
A it tt A * 5 3 N 8 * 
10 . . 12 $3 5 3 1 « 54 . 8 
** MT. SS 2 * * „ * 4 8.” & o # > 4 : 7. „ 4 7 8 # 
: j * 
* 8 
* % 2 — — » — V. 


: % . ; „ 3 < L 
1 FV i * > r 
: b 4 7 Lot > A 


* o 


Hence, ifths ae of a number i Is given, che Ek. 


oh 5 
: 0 * 
r ma ' be found. SOIL OY ONES TC TR pt >> 
; L 1 14 12 
« . * 2 . 4 8 
1 is. * * - 
£ j Y 
2 * 
; J t * . a Pg 347 - ; * 
» 1 
4 8 by * 
is leſs than 1. | 
* * 6 7 72 — 3 4 1 * 
F 3 hs £44 2 2 : 1 5 L 10 * a . * $43. a6 + . * : . 
1 5 ö $5 ih. a,, Tt - 3 „ Nr 4 g 
.I0” = 3zl ” Sp. ewe hath be To RS. bones Ld. R 
F 5 * by 1 * » 4 
8 8 — 
o g ; q a 
7 \ 5 
% * * 
«A 
* ® 
; 4 GK K. 
0 F 4 * 
* * - : 
> — 
n 5 
£5 * 
* *F + - 
= 2 — 
* ” - 
o 2 7 
. * « * 


7 * 
8 : 
? 1 ö - 8 by 4 - 
a ' 5 
3 4 — 
\ , 2 
« * 
. 
” * f 
p [| , L . 
1 — 
4 } 


” 


4 a78 y 
"of (ke 1 hen is benen a. and 5 5, tha vumbes ut. 


| tween 10 and 100. And, as befote, i It is found by. making 
we eg _ index of 1 5 to. "TY the the loge 


rg / I ro ek, 


N 


. w gk v 11 


N 


is equal to 1 
HWG en FT; 91 ups But zb Hum 5 n £209 YT 


Log? 20 6 ol oe £595 Md 


SAS IR Sl 
Thus; as every num r may be reprefen ted by 1 10 5 ale 


to ſome rere every number will have its correſponding 


| logarithm; tables may be formed; upon theſe princi- 
ples, of numbers and their logarithms; It would indeed 


be a laborious work to Hind every number, correſponding 
to every poſfible index of, ten, 'by the rules given for find 


ers z apd hence many methods hat 


ring the roats of 


hon deviſed to. reader, the pproceſzmore. only... Theſe 
,may be found in the books treating particularly on logs 


ihm ; but it is fuſficient for the preſent purpoſe, that the 


, learner ſhouſd underſtand a mode of forming a ſeriex of 
numbers, which are an oh ee of another feries of 


Ms 
2 it 3 2 


e 3 2 0 . 4 f 
* 


5 are 1 Ti at aſe in all bn which in 
"votre the multipfication or diviſion of arge numbers; 1 
*theſe operations may be*performed with tables of logs 
| rithms, e en une, Fo e | 


1. 58 ene is greater A 4, | 


wach e, oF, _ ; T0102 leds 5d 7 ide 
© 4 


. 


5 „ 
- Than ies N 100 == 1070, debe ok, 1000 
is +b, or the ſum of the logarithms of 10* and 105. Con- 


ſequent! o numbers.are to be multiplied: together, 
by taking from the tables 1 their Jogarithms ; and adding them 


together, the ſum wil be che logarithm of the product of | 
thoſe numbers: and by Jooking i into the tables for the lo- 
garithm correſponding t to the ſum thus found; the number 
oppolite to it is the number equal to the product of the 


rl e313 5 wes, 11 1 
ro numbers to be multiplied Lf HENNING DAE 7; 


$5175 3411 n 1 rwondait m6: 2 


"Ws number is to be divided! b y another er number, the. 
ſult may be found 5 looking 4 into the tables for 2 
ber 1 to A ee en is n to * | 


Bib ” 206 0 10Þ up de, | Es 


t l 10 be 49h 31 LogUSen £ 85 7811 


Nong 822 1 25 22929 & tt 4 111 * 
at n Bee 3 Wont Da Rag 805 TY #325; + 
diseregee of the logarithme-of . 10* and IV: And the , 
number, correſponding to a in the tables isthe numbe? | 
which would ariſe from mea 102 brace e 


e — 2 N 5 «NG WI 2 Ris Bot 1 | Feat, 5 „ 


Let 10% as before, repreſent any number; he 150 a 
power of 10. '= ion, and the log. of 10h = na, or 
times the log. of 108, Eels any power of a number may 
be eaſily found bythe lofarithmic'tables, by multiplying - 
the logarithm/of the number into the index of the power 
to which it is to be raiſed, and taking the number corre- 


dete th found ont aß the tablet. | | 
k 5 0 ; 5000 2055 900 ſat 433? not. 21 12 Aura 


* Sa eee eee a number may be found 
by he, OW Let 10s HOO the number, and n the 


7 


(ie) 


7 


f | ties of f th root required. FI We the n 


N 3 ein 8 STe FOE * : 1 . L ; 84 Sg 1 A | 4 


3 N the number ba. a out beat Wei wy Dirie 


| or re the Jogarithm of the given, number by the index 
bk Fl root required, and the quotient gives a * 
5 whoſe correſponding number i is ther root . 


2 1 W 1 2 Fs H q 
. of: % 
* &2 >, 


* * . bar | 5 3 Y F - 5 
Ws RI . * $17 - Fg 5 25 
WA To: TIE SOT N 2 pack 115 + SF 


; | If the power of a. 1 i ok the i 2 
itſelf is an unknown number, the index may be found. 


Let ar = b. Therefore the logarithm o of. Aut the loga- 


20 8 oY 


ri 5, b * = of 4. . 
Wi rithm. of b. but the logarith 5 Of ot = F = * log. c of 4. n 


” * 
2 i, 5 „ E 
9 1 Ap: 2 81 avid * e a 1 5 i . ; e 

py p 


exodravn 9 g = 1; 
f 
5 : 


« zZ a © p 5 * 
j 4 3 F * > 17 0 50 . i Wit W $0 | 


1 — A di is derived of 8 10 number | 
* Stk terms in 3 2 geametrical progreſſion, when the rſt an 
5 „ 2 terms and the de multiplier ale given, 17 


3 8 * * : # * £5; 11 þ rien} . 
| E a. 401. bug #01, t „„; ũẽ ũr 


fri | hen,” of 15 „„ LR IEIDY hs AIINE; 


3 


ah EC. 
Tad Xu a wy 5 


: 4 
; | 5 55 5 10 (Oe #01 4d» SOT Th 12 tires! 1 i LEO ie 80 «f 
VHP | 


ws odr allt wdman: N. E. L. Leg. 6x 391. 
a 10 d = ne er. 3 = r $0 EL = Ti 2 9 2p 
10 


f dem vn un 5 2 1 TY 27 0 wh 145 


pulylgitl: 12. 107585 E E 


F 200 2:1} 20 X'S bot 34 2,4 he. 


+ K X; 
2 91 Ig 65 1 
; A 


x 
r 
r 482 


3 * dme 1 — i . 9 e 1 Bis boi 30 Ot 7 4; Hogoinr © 
I A erf frumbers' in geometrical progreſſion, the 

3 : firſt term is 100, the laſt Too0000000000, and the com- 
Ip 4 | 8 mon maltiplier 10. ee e terms ? 724 
. FCP SL 1082 e 


„ C A* 


«> 


9 1851 ,” 
A 100 = e 5 


* 2 
wg #7 * * ae * * N 3 8 
r — «3 13 ie PR : ; $3. 5 F* 
* K 4 11 3 2.5 Þ at LIE #2 * * 
a 


7 
; . - IRE * 
i *F 4 Sant » 1 


"Ls 1900000000000 = F 5 gi Log. 


— * 
9 * E : 4 1 f WT IT £ Ta | 1 2 I Wt an Get * Bt * $ 


In this caſe the numbe an ea ſound, but in a | 
the tables pag, be conſulted; or the gener of * 3 


e 122 n 
and 7. 5 8 | r : 


The firſt term lol a ee Ne 18 four, the 
common multiplier 2, and the . N of terms 10, what 
is the laſt term? 


4 s 4 * 
Als 5 n A 14 MG 


bs e = 5 4, X23 2 84 x 18 8 204... . 


* 


Il the firſt term had been 125 U 6 | 
18, and the number of terms 50, the laſt term could not 
have been found without great trouble by the above me- 
thod, ſince 18 muſt have been raiſed to the agth power. 


la this Ed, healer caſes, esp logarithms thould-be | 
led | 09G, = As FI x: Lak 200k oo 850 
„ 5 be of L. = log. of Ars, 1 : 3 
But log. of Ar- E log. of A i „„ 
N And log. of * n—I. X log. of- 
4 Leg. ef I. log: ef K A Fu7 =I. 10g. oß⸗ 
e et L = og. of 12 +49. E log. of l 


. E C0000. — 
Find in ths tables ile bind of 12 and 18; W 7 


| ey Oy N . * add the MIND to the. . 


i © 


en e 2-7 The ſum is equal to the logarithm of I, 


and conſequently the number . to "nk . 
| rithin i in vice tables, is "_ to L. 


\ What i is 1 1144 5 "of 11 « abort in geome. 
1 progreſſion, whoſe ert term is 100. and. laſt term 
1 1000000000000 ? . 
A ; g ge 
= . * M 10 10000000. 


What i is ; the middle term of 9 numbers, in ene 
ee r e 5 


of 


1 eee * =: 5.44 . abet. 


— YN es ++ 
„ © AF > 5 
1 1 3 £4 2 * 


* 
- 5 
So 


> 1 K 
i; pi 
e 4 3 Fo 


+ | Wust! is the ce onion bites in 4 pro rogteſbon, whoſe 
firſt term is 


terms 4 


— 


100, _ term 19090000, and number of 


| ; | 
. N x 1 ; ” : 
EF» 2 © > 
4 28 18 : ; » 
ky ? 2 > ah of 4 „ * . 
* 4 * 446 LES 2 1 
ON * F: > 
: = 2 4 - 9 5 % 
* © . 1 N N 7 +} tt Fr] b ? ape 8 = aA 
2 n 0 £ 8 * 5 * 
— ; 2 
; ] i „ 0 
72 \ a 5 5 5 4 i 
* 
fr 
"4 


f - 
$7. 
: . 
= 
96. 4 q 9 1 
» 4 5 
1 


0 * 1 . 
wut is che common mage i proline > 


+ $# & V- 


25 b 
6 OP. 
* 9 „ N 
a * * | 4 . 
- * 75 4 968 * 8 24 
: A : * 3X : e " 17 4 . ; 
- 0 MF * 
4 * 4 1 
3 . 8 8 1 
I . « 


es = I Ff“ ̃² PVU.. pa 
4 41 3 FTE £ . . 


5 . 4 | * : 
+ i IP r . A N vs r £ Þ +6 4 - »” "1 ran N 3. 42 wt. —_— 3><..4 7 i 7 * 2 *** 
4 — £ * + = 2 z J * 5 e 13 d - aa 3 ? 7 $ 4 8 
8 ; of £44 75 5 2 7 / . LLASES IRES 44 1 
- 


| 2 Te 
9 5 — . I 


| « 75 2 


. 


Let 8 = Ss of a 5 of . in geometrical 
progres a + ar + ar + ar? <= =» = art Tar. 

8 =o er f er + oo doin? Kr. 
and 8 — art = a, + ar EET I 


*F'& 


| } Multi oy both fides of the titer equation the 7. 

1 oo of ar* = uy + 4 + Ars fee fan 

: 9 8 8 ara = S —-4 - 
+ 19 8 44 „ 5 e 

5 | 


2 : n e lee * 


%!ͤ 8 

Sino! 15 OE aff eee e is equal! 
to boch 8 — a, and 5 — Y che ſum of u fetics in | 
geometrical progreſſion, wanting the firſt term, is equal to 


the ſum of all but Bis OT into the Som- 
mon eee 


* = wm . . "- ve — 


<A l 8 N 


| BE 8 — 8 = L- A 
405 Patt 2 7 Fw - - - 24 wel hh 855 3 wer 


1 

af th 

r 
. 7 5 * 


i 7 ST 
8,96 e * 1 7 3 » 7 > » ö 
+ ; . | * 
4 . . 7 1 ew. Ts 
SF > 0 « — 1 8 * 
7 ; 0 1 N % > 
0 , = N ” : 
* 5 i 3% > 
* 


7 
= 


N a. 
** 2 £ » 7 I 
* . } * Ve 
4 7 73 
r — 4 
* 


* 


SE IL, E 
: Ebbe of che be things: ll N, L . f v any three 
: being given, the other two may be found: : but as the equa- 


tions, from which they are to be deduced by the common 


way, would be of a very high order, the two things re- 
quired are in NPY belt age = wy OT ' 


„n 1 
swee S - = = A. * 
1 
1 A BE am: 2 


„ e . cities * * — 


. 560 8 — 8—1 Xx 4 oe” 15 


i "RE 
8 — Fo 5 


1 


4 * 8 W 1 ff 
170 N N 3 i 
hk 25 
J 164 # 5 AN £ 1 
e e * S 1 
* . — 
! 1 
þ „ 
» ve - 7 1 — 


To FIND 11 codons MULTIPLIER, WHEN. 
THE SUM, FIRST e "AND NUMBER or 


ee FER + i 3 
1 8 «+ . 4 an 1 n + . 


x 8 ' | $4 $4788: 
„ = "+ UE. 8 oomnonn +, pant, 


Among 4 dividers DW vill be found one cequal to 


#7 and, if r made quilt + 1,2 a new equation ariſes, 


22.133 
n + in 


- - 1 


** 


in | hich the known. t term wil be Gn ava. _ 


*+ 4. 


1 5 na } 6 eie 541 16 
Sort 5 a ; Conſequently, among the 
dividers of SIE will be found knd wife Why U nity, 


a 


Eri is niade equalto yo Lan n.equation a ariſes, i in which the 
180 term will et 


© or — according as „ is an odd 


or an eren number. ——— among the dividers bf 


— or So there will be found one greater than by 
"fb; 4 — 


: unity. Hence three ſeries of dividers may be 8 and 
in the middle ſeries, one of the dividers, which has a num- 
ber in each of the other ſeries differing from it by unity, | 


will be equal to r: But in ſome caſes there may be ſeve- 


ral dividers in the middle ſeries, anſwering to this poſition; 
and to ſtrike thoſe out, which will not anſwer. gs ee 


9 the equation eee to. aun 


„ = Ives | 1 5 755 : 
„ eee, 


RE, = 1 * r + I 


i 1 8 
4 * 84 15 2 ; * 3 3 * * 


Ifr is an even number, F+r +7 * — + > is. 


an odd nuniber, and the co-part of r, in the dividers, | 


muſt be an odd number; if / is an odd number 
number of terms is even, its co: part muſt be an odd 


numberz if the number of terms is odd, its co-part muſt be 


aneven number, conſequently Wee dividers | 5 be re- 
"any at the firſt glance. Again, as. 1 increaſes, >—< 
5 decreaſes; 3 


> 


; : 2 0 2 3 
it . : b FA 
5 5 „ 


— 


* 


oy 4 7 2 — 
8 4 \ 1 
* | f 
4 * * 
F 


| (s ) TT 5 
Adlegreaſes; s; and by examining a few terms only of the c0- 
| © partof v, the e e N 
1 | 96 the = nght rage | is by Nene! is . 5 


r 
4. 


a 


5 I ET TON 


* 
% - 4 

* > 2 5 c F 4 : 

F 0 5 N 7 S 4+ Y 2 * . 
1 4 — 7 __ : X r 1 - ann ets Þ 1 F +8 $47 2 
3 4 — ＋ . LY 1 * TCC Frag, / # cues log ay! — 

,. - : of 
6 @ —— — = 


3 8 ee 


tm, NN 
7 Rt I " % * * 
J ͤͥ ð? y ee ES 1 8 pa ic; I <5 
4. : A 4.444 2 8 12 be - e 192 1 N * % A 


: 15 


* 221 5 125 Fn . ty 2 
x — nf — — 
e . 


* 6 * 4 
N V. boy TE 
V 8 


* 


; And thus catchy taking *r r _= the ett of 
1 divifon, the laſt e will be equal, to r. 


1 4 
4 1 


| , 3 che e 4 108 "Re toads 2 3 the 
number of . what is the common multiplier? Fn, 


1 


15 


— 2801 0 


24 
; : | 4 __ "TEC a 2 10 16 > 20 


< 8 — A 2 1 — 21. 2825 6 ee . | 


«4 


— 5 $ 8 1. 2, 3 475 6. ü 


L ” . en 

— 1 5 4 s F 

. 5 FT * i 7 2 A — 2 5 io F . =, a © 
ELF 721 3 3 FUSS d 3. POD, . "SIS FR : 3 2 


8 i rnd 3 are the only dividers fo be tried, and a canns 
ere. for in that's ble = — good be a an 69d "number; 


1 


| therefore "the. common multiplier is.3 37 its 
| which is equal & to r 1 0. 3 + 19 me 


— * 
As; 


co-part is 40, 
* 


4 5. r 3 + 15 
420 3 5 A x 


BESS 2 3 n . 
a - & — — : * & , * 
. 


ut 
— 


o 
- 
* ? ] * 8 
#* 30 £ 
g * 
* 
» * 

\ i 

- 1 

* k 
F * 7 
— 


f 
£ Let the firſt term of 8 ſeries 0 21, the ſum hes; | 
f the number of terms 6. What is tho common multi- 
plier? 1 GAS | 4 : 
. 71 5 ie ade = . e f 5 
1a 6 —126 | 18 | us 
8 — * 44— — 3 — = = 2818 = 358 - - _— - 1, 2 2 N 755 989 of 
4 — EY - þ 22 1 2 * » 7 81 - 
— — — e 1, 2 
2 41 21 *,363 >. : a” 
S | 
= 25 e = 364 --- „ner. 
1 : 
816 5 l 3 5 * 5 , 1 on 5 5 f 


f ol Let the fen er th ebe ere the fir term 
409, and 7 mar of terms * What is the common 
anc DIAG N21 „%%% So Hos F179 Fer] 2 | 


1 i N f 


he ee, e HY S . 


ba” . ea 227, porno ws 
" af 


S-e_ 159614413 —49__ 15961 (59614964 _ | A 
1 8 cr Des > 5 0 1111 BE” LAY 1 8 s AT 


. 


; 5:4 Ak & 15:4 N "_ = W : 2 5 0 A* . ft . 
5 fo ? &% . « 
"3 eee iin A n | 
F >; 6 - 5 ; * 1 %F 14 > 


.. * 


b 25 3 65 12 are. I A to 9 — lll HE 2 5 iy, 
are evidently too ſmall, and 6 is rejected becauſe its co- 


rom! 


. part ſhould be an odd number; 12 therefore is dhe e re- 9 


| % 
ot quired muktglier, and 0 „ 
„ M Fas 3 + 
OPAL ET ISA ITT ECT | 
a * 
24 1 * 8 5 * 
[ 5 3 
— 1 80 1 * 12 4 1 Y el 
3 27 5 12 | * 
I 8 4 85 » X Ke 
* BY 1 * ee * 8 i 4 7 © „ „ * * £ £ * J . * 
e nn 1 : 121 * "7 3 a 12 10 F 1 4 4.08, 175 py £ 4 * 128 " 
* * 6 £ b — 1 n 
N "Ek 257436 2 
7 An 4 8 $ 4 4 * \ 
e LE W 8 
* ie 2 : SENS ; I2 fy een ; 4 5 — 
11 / BRI ATI) ; £3 . 
„ # n 54 4 * 190. # 6 EE 1 $7 | 2 F Ti 7 2 8 
fe 3 4 a oe 
1 x 
| 271453 
- * 
i 7 
+ 
6 -+ * 
8 f 
, £ 
- * L 
. x 
4 4 . B bar 
w * a 
* 
A * 
* 
* 
7 * 
* * 
> TEES 
1 - : 4 
5 5 * 
8 * — 


| ( 5 


5 8 , N 99228 

5 1 4 

* * 8 is £7 * 23 — 9 + * 
HOLE „ 2 2755 14 74-7 

* * 


wi 2 Ty ts 
116 ange and n 22621. 


1 


5 24521 —1 = : 22620 and = x88 
f k 2 * Sy | ; N 1 Ab teh. 8 — £ : Kt ? 1 2 
£ 1165 — 17 = - 1884 nd —= = 17 es 
1 ee 3 
e Ane ie 


* 


The rnowlells of ak ſeries both Ade and geo- 
metrical is neceſſary in calculating the vali:2 of Bo put 
out NOOR, a wife and: of diſcounts- 8 
n Rats. 5 2 * — 8 4 n 15 . BA $59.5 3-4 nds Tait: of: 


The intereſt of money is the ſum paid for the wy of it. 
The rate of intereſt is'the ſum paid for the uſe of a cer- 


5 - tain ſum for a certain time, as five po inc Wee of 
hundred pounds f for one year. e 
ting Dia b de tt > ee 


The intereſt of money is her gmple or . 
When the intereſt alone is taken at the given rate, it is 
called ſimple intereſt : but when the intereſt is ſuffered to 

be Joined t to, the ſum. lent, and intereſt i is taken upon both 
furs, it is ca lied « compound intereſt. The ſum originally 
lent is pr the capital or principal the amount is the 
whole ſum due at the end of a ny time of the intereſt and 
ene 1 2-3 e Parr 11 en 

Let P acprincigats þ the: Wetten of MINT 5 one 
| yours n the number of years for which the principal is lent, 
M the amount. Then 4 n nr = the intereſt of 

one pound for 7 years. Therefore the intereſt of P ſorn 
tele \ = | 2 85 year 


* 
* 
> 

5 * 

f ; * } 
4 
2 FI 
. 
. 
* * 


years 1 muſt be Par 5 2 
reſt at the end of years z or M'=P 15 Par '= —— 


we 4 * : T * * 1 
|; pai a $a Page . „„ CS 
1 4 : p 3 þ g 
„ͤĩ ͤð2:y £4. F i n r F Aa! 
: * % * 


Hence, of the four numbers P, u, 7 - and * any three 
given ven, the fourth may be found by a imple equa» | 


0 . 7 £ g v5 * ** 


* 
4 > £29 35-0, 
* xe $5 HEL» 5 
Js 31 34 S- © 
* * * 3 2 23 * 124 # 
: 
4 & 2 
if 1 7 4 7 487; 7 * #4 
; 4 1 4 * ” Sq + IS 4 
; 
4 . 
1 ö 
1 af 1 * 
1 ” EF 4g > 4 % » ” »7; 
$8 4+ *. 8 AA 
* 
4 ; '” 
8 0 q 
5 7 85 4 „ 
n f bd es 3 
— Needs * * * acl 1 
, : - WS. >» 
+» 8 « : 8 4 S : £ 
> wa = 
# 4 .* 7 % * 


What is the amoun unt t of /3 el. in eight years and a half 


4 1 
it Y 7 0 74 IFE% 5 1 EEE: 48 1415 Y 
at per cen . * e mmol ' : 
5 4 5 . 3 80 F 25 ” 

$ 12 17 a : : 74 E ER I: +. 5 hed 24 7 r * 4 4 * N 

18 . n 2 . n 2 

. 
4 # 


2 4 X * 7 * F * n, f % 9 *. i; 8 p f 5 1 1] % 
. 8,c X ,or = 
j # * * = _—_ 3 3 2 
7 4 *F 48 = Ty ro Ort J . be * £7 . 3 
ad TX a & - 1 1 1 3 


. 2 


s 8 0 39 = 
; MPX IT 


lent, which i in 8 years can © 
Ios. at five / per cent. ſimple 4 in- 


- 


relpedtiv inert is nb + br Xn . 5 


„% 


e de bundrc? and Wety pounds lent at nn 


| Gre per cent. ſimple intereſt, 484“. 195. roa peid. Hor 
many moon had i it been lem? 


95 8111 Jo Ps 36.3 SIG 
1 4, 
| Lass 


il 


17 


Three e 154140 3 in right years PP 2 


half amounted to 2 10s, at imple e What Was 


the rate of EE So 25 5 
1 ing] 1 8 
Mr 9 2 1418. 8.8 


e rage by 340 N eee; 55 20 


3 

bez is the ; amount. of an 8 or penſion. left un. 
wala any number of years, allowing ſimple Way upon 
. ſum from the time ir becomes due ? = 


- 4 * > 2 * 05 121 4 
2 1 0 


535 ple is annuity, 8 intereſt at 8 end of the 
ſecond year is br, and the che amount of the intereſt at the 


„ 


end of „— year is 1 1 r. At the end of the ſe 
ba. cond year b is again due, and the amount of the intereſt 


upon ibis ſum, at che end of #; —2years, is 7— 2.br. 


In the ſame manner the amount of the intereſt upon the 


iind ſum due is og hs be br, and the emoun of the intereſt 
-ofr All. the ſums due is by & 11 -A Fi, 


ns, | 


| or br X n ae The ſum of the annuities to be peil 


c u tof. the DOTS with their 
1 


1 * 2 


oß. 


N- 
on 


1 20 5 
Wer uh areenivalubor” an annie; to continue for 


a certain number of years p#paid, allowing — 


reſt for W abt TIN RY e 51 


Nen 
40 1 12 1 0 


1 Bbeake e then JP; with WE py er | 


at the end of the years given, amounts to the fame ſum | 


that the annuity with its intereſt does, they are of of equal 
value, The amount of P in 1 years is PX 1 T ar; 


and the amount of the annuity i in the ſame time is be _ 


laſt ey: or + * * 8 x . R 


ER . 7 ie 
ex - 


"6; 


wy 


. P = . br Xn.” 


1 e 


* * Py 
8 * 


What is the 8 1 * an annuity of one pound ü 
2 year, with the ſimple intereſt on each pound as it became 
due, to be paid at the end of twenty runs the en 

Mikes OM kn 9285 W CCG. 


, 


7 £ þ % 35 2 * 5 2 . > 1 p x 5.x +1 
me ; — 3 Log 1 F Ra : . 272 7 * S 1 F 1 2 EET 
q "7 3 3 41 . 
e 800 "P's a T7 br WILD. —] n 
+ * *. —— . 
7 * £4 3 þ 
os 3 n 


$i ; 0 1 T 7 N . Far 


20 0 * 1 
40 4. e 8988 2 


$4 
yes 7 20 x age to erg CIR 
40 © an 


5 = 1475 = 14/. 50 POOLS þ by J FF e | : hah ir f 


px 


at 
[205 4 
* 


V 


(nga 9 


; pounds to have been. _ down of an 
any i polio one e eee and the intereſt to be five 
per cent. after, How many years is the purchaſer to receive 

the amount of the _—_— and i its mien, and what ſum 
will he receive? , 3 


i 
| a * 3 * 
, 2 * 
„ e 5 r 1 A Spe TORS 52 te 
JC] 00000 A330: / ( 
7 » * * : { 


14 2 
£ - 
4 , 8 1 4 
* 1 5 5 n „ N 3 
ES SUS: ＋ 4 . ; ; 74 ODE 74d” ß 48 
2 z 
: : 3. K 4 
” 717 1 Is . CO 4# 
£8 © k 41 1 8 8 4 4 1 
. 


. 3 > 3s 
4 N 2 3 8 — 5 * e by a 24 : 5 2 re * 5 1 * 2 bk; 4.5 2 27 
£ K JJ.ͤ . o& KE 2 8 FE : FILES. 2 11 «#45 4% * 
* 1 FS 1 
| * * F > * — 
FN 5 „ HOST I LETS FO 1 4 ar 85 Tf Ee TY io es - 4-3 ae 20.” 
— ff 7 VVV pt {4 ? 8 oe F$E432 1 $133 £3 Je 4 F439 
* 
'F * 
1 LS 9 82 
4 2 - N vo ” = Cl 
44 . £3EF ES = 4114 
5/4 3 . 24 r U 
* . - 
* 2 N 5 =; . 


05 
55 5 

2 eee {x 

K. 20 + * 
8 
1 
FE; 4 
} 


> 
x 
* 


Lat mot apples 
IF 1 = 


* 
A = 2 7 
3 *% 12 23 . . 125 5 2 


8 Y * \\ 
4 tas 4 (67 4 14 We * 
2: bf 9 7441 N > 3 7 
1 4 


The ſum which FR e pinekater 4 * ee the an- 
5 for 28,784 years, or 281, 157. 8d. and the intereſt 


of each pound as it became due, or 190. 197 10d. The 
amount therefore to be received 4s 48“. 1 50. Gd. ' The 


intereſt of 20l. for 28,784 years is 28. 1 5. 8d. and the 
ſum advanced was. 201. The amount therefore of. the 
money he was. out of pocket is 481. 1 57. Bd. The dif- 
Terence between the two amounts is two pence, owing to 
the number # not Tory: been more A aſcer- 


— 


S A & 8 


Ph 15 5 


5th 


— — ; 4 21 — * 5s 7 . 

A wo $58. bs 1 * 

5 ” © ES Cann 71 — 1 

By the fame. equation Ar FP . 
= 1 N * * Lo Zh 9 — 1 TIRE IL? 2 


V 5 
the 10 of Tears may be calculated, at the end of 
which a perſon who has given a thouſand pounds for an 
annuity of a farthing a year is to receive the amount of the - 
annuity and its 98 an and the number of years may be 
made ſo great, that an annuity of a farthing L woo 


its i ſhall exeeed N given ben en be = NN 
N —4 12 . * r 2411 * 8 1 3 " > Hear, 


To ei the amount of a ſum of money lent at 
compound intereſt, let u = the amount of one pound at 
the end of one year. Therefore, ſince one pound with its 
intereſt at the end of a year is —_ to a, at the end of the 


2d ſa its amount aged to a at che end of the thre. 


bs Wo, 


pu I 5 . 8 1 ö 
1 nt — TY 


Hence the ambaceaf P 3 at the end af 5 Jears is 
Pan = M; and of the four things P, a, n, 5 ny: three | 
being give tp eee „ 


* 
| & 
# — 1 M 
Wo . P — 8 G 1 . * 
Xz = of 8 32 
j a = i 


as : 
* 4 
7 5 Ss 2:1 # 
* 2 „ 
1 855 © 1 7 


Wben n 1 FO 3 all . 22 ea va be 


ſolved with, eee caſe by means of W 0 . 3 


* 


@- 


x 


I, "= am I 
b‚Lä„Hͤ»»‚̃ wr; 
( M= we P + nloga 


Nich re, 4 

f ; : Roti T0 ABS 903 42g Of) ot 15 8 ei: 1 ic Ying; 

- en eee 8 aaitpat compound 
reſt let P be the preſent value, 5 the annuity, « the 

: | amount of one pound at the end of one year, and n the ; 

a 1 number of years 3 in which 0 is to be paid. os W : 


. — 
was 
we 


ku a OO ang 


7 ” , — o 
* F ' . — * % 2 
2 Sq, . Y a *. * 5 1 $ 2 7 12 & 9747 3 * 
5 178 „ . 1 25 1713 : 5 „ x 


: | | The amount of the fi 
; ITO endicf. the. years. is 5 5 the 5 payment 5. 
Þ 3%, of the third ba", and ſo on, and of the es 
Hence the amount of a the een in te 4 


= f x 95 # -» : 
5, ? 22 5 18 7 725 2 J f 2 12 #7 4 "Þ At " 
45 A » ** * A PIs 285 5 12 . i 1 A "1 I 5 £ + 4 4 14 4 ow „ £5 * 1 
8 5 8 L 


q > | - | | pa an —1 
: bX1i+a+«* Fa Fa orb x On 5 
3 1 2 8 


— 5 8 t 85 ö ny 
. f £ N : ” * p 
55 ? K 5 IS 4 * 1. , 
. : ' gy 
Y — * | n Y ' 3 * 
5 A * * 4 e ee job . * F C3 |! * 1 1 
45 ” $3.5 Tea * 4 —_—— ee Ot Xx r : 5 _ n N 
* —— 5 - ; ” : * * 8 
5 oy | i 1 1 
. 7 J 2 4 ov ; * ' " , - + "8 
F s * 7 3 c : 15 1 4 LEY - 4 
, 8 * { 


' . | 4 —1 


5 . hes | If the ymber fy i ver great, Þ = = b * 


421 i 


4 — „ . 
2 Tg ORR Bhs 1 I % 
% \withour materi err VVV 


a... ; Hence of the four things P, 4, nandb, any. three thing ; 
Ws. being ven, the fourth maf be found. C 


a * e f 
1 4% 4-6 EI 41,8 IK a5 LO I-93 e 
8 . * 
E. = tw. 4 | 


he 
he 


9 


2 


\ 


"i "95 


| Inſtead of being multiplied by 2 given number, num- 
bers in geometrical progreſſion may have a common divi- 


der. Let A BC DE IK L be a ſeries of this 


kind, and let be the conimon divider.- Then, if the 
ſeries is in a progreſſion -with each. term decreaſing, 
AB NC 


B = , = -- => _ DA and the laſt 


term I. S wo ſeries therefore, of this kind may be 
2 * þ 1 Be — 
2 „ 
222 F 4 py * 5 2 
thus written down; $11 une i 1s eqn 


FR: 4 4 bY 1c ba 8141 2 2 181 J 3 5 
4 2 * 22. + = 
7 gd =2 OS” 
£ ; : 1 3 N 13 2 
2 2 825 . n Bhs 3 = th * 5 5 2 * : r 5 15 = N — Feil 3 BY <4 ; 8 


The pd of. any two terms, equally diſtant from 
the firſt and laſt terms, is equal to che produce of- the firſt 
and laſt ne 


; - 1 whe 9 e > ng 12855 A 


*> 


15 a : » 
Ne WA. 8 9 . 4 : Fa 33 * * x 
} #1 1 5 2 1 1 LEP 48 5 Th by \ "#3 : : 3 1 £5 Ys "7b . 1 + * i * 3% 7315 2 


Fe of. the fiſt 55 lat 


7 1 N $334 Sx 1 FS. . 9 AS 429 man 


terms. 1 


N "1 X "4 14 5 
Lütt r > 27 6 5 oc 2 29 77 id 5111 TC wt — 


be 1 „ 0 : M — 
FE & Ty ; 2 Eh, Ba 7 1 N i 3 : 


FY ' 
. $ 
* 
o 
2 
. 
| 
+ 
” 
wy 1 
4% 
* 4 
_- 
bt 
- 
wo 
5 
4 
[2 
4 
7 1 
1 
* £ 
n 
17 4 
44g 
4.8 
= TA 
* 
- : PR 
* 4 
: 4 
4 
4 p : 
* Ds < 
. ; \ . 
5 £5 
1 I 
* 
<A 
F 
5 Y 
5 
1 
I : 
: x 
” I ” 
4 \ 4 
45 
7 
1 
$ 
. » 
4 
v ub ol 
1 W 4 
»; 
2 
4x 
23.504 
+ «3 
"aj 
2 
# VI 
* 
- = 
x 
9 . 2 
9 
a =; 7 
: * A 
92 
#5 
433, 2 
on L433 8 
g 7 
13 7 
0 ; 
7 
1 — 
4 « 
* 
n 72 
def * 
3 : * 
3 - 
An * 
yh 
* * „ 
8 * 
* 
n 4 


CCC 
- 


En OO FETs 


” * - be of 
[AUT amg 12 


m . = ing * dar mir 7 oh 


| dun k ind at emit bole 0 than — 


11 2 


\ oy 7 7: Ak * 


%\ 


rm 
* 
* * 
a: 
_ 
7 
* 
= 
7 
> : 
RS 
* 
* 
>» 
* 
z 
* 
+ 
x 
* 
* 
8 
7 


* bh ; n Mc 2 + | as 1 1 r : wry r £# 1 . 
moese n re r F TTT 
" i z * 8 
2 5 5 . P <7" 2 r £ 4 3 * 4 
0 221 : 8 ; a ww dt 2% 34 56 
A. N * 8 > — > EY: 
as 2 3 oy 4 3 5 L 2 
9157 4; WS AL kr ei 8 
. 7 Pe Ld as 6 b n bt * * 5 2 * ; 
65nd 10 WIT tee =} 48 L F ES 4 i 1 FS vi wt 1 5 * 2 a * £35 34 n 
FE —̃ — * x 
2 F# 
= - a ? * 
AMAR 4 4 


70 | 
7 Put Sf. RAE, JJC i els I ne es og 9s „ 
- 4 » 4 x * : l : 3 3 * | 


oa. 


* 


og / From ce dba L wal g If ithbee one of the fout 
_ *. A, and n are given, the. fourth TOY be found. 


_— — . — 


4 Lars) "be the for of the ſeries. LR al . 


en PRE. 3" + * = 


rr deni Hans 1 15% Wy * 45 i 


. = 

15 r 8 1 . 
ff 43 5 E3 a5: 1 
* ri : 4 


FR OE OR fe En A JJ PIE <p SE EF MNE9 
k + = 


21 


. 5 


C 
. 1 —8 = . 1. 3 


9 5 )) | 1 1 tpvl- 
I * 1 þ FI ery A ""Y + 4 Fa” + ti 


EA — : 8 0 3 ; 
> $--% * * — — r Jas Ries I 241 Re \ #%% . + 
5 7 . * f ; 


A, and the (gener the 


f * 
fats: i cn, 


78 
_— r of terms is, the nearer does the fum approach to 
- For the Uference berween f and the real ſum | 


«of 1 


W 


« 197) 5 


* 


of the ſeries is = Wr ; X ——,andrhislatiernuinbeFm ay be 


made ſmaller Ns any number aſſigned, by increaſing the 


[4 
63+ 


number of terms. The number A is called the limit 


7 , T 4 N 5 
. p : .. Ty * b 2 * — 0 A 4 - : 7 7 a 2 
0 A 2 * y "#11 . is * e 8 2 Bey ; 
> #4 1 3 ” 
#5 . 2 : WP Wor J $6: mJ 8 wel * 4 Kh 86 gs 


* "PEW Bs 
24 4 De the 27 r Tn 


| What 10 the mit of the e + I: 1 


+ Ty np eee cs n ie Hy vp Bit 
; . -” 


In i his aſe A = dr therefore the limit is 


* 1 5 8 S WE | Ps 7 
« 8 * * of > As +3 _ * $a 

2 - 4 3 8 r WL Lf.» 3 > EOS REN $a bo hg? +. 

_— 22 HPF * 1 . < #4 S & 4 3 


2 — 1 - : bo f 4 F * * a * 
5 9 1 5 , Ba"! os 1 1 e Rune 3 Le) * 1 
5 nn t : A. SS £1% 
F * 5 = well 6-1 3 wo <XKIGE A rr 
* fe; - 3 N 


What! is the difference betta the ſum of bre terms 
of the Re bhi a ay its limit Ln ay ed 


* 
A „ 
83 $." 
IF r 


B 2 
a 8 
* i } 4 4 
— :, = : , 
1 7 3 . IF 
: * 1 9 
. 1 188 


* 


; ** * * * 15 4 


05 20s S 44 * 15 0 N * 


This i is ſeen alſo from finding the ſum 2 five te 15. 


4 


- 
— 


15 3 C * 


1 
1 


s X N = pe XI =? TY = 18 2 


4 


ö 428 ; WE Ss. 2 1 n E BE EY 
The difference between 143 and the limit'2 is . 


1 , 1 * 


mY 
Fd 


What W Jt" of ths” feries 1 4's vs * IT. 
{x Fr 118 7 5 3 et. 5 


Wont. A 1 FI ED 
1 Ry 72 7 5 4 8 1 


: 7 25 N 
, The FRY ZW = — : 
5 1 55 TH 8 


- 


„ 155 
Whatis the limit of the ſeries a, Þ+ 135 + Tp + 
wake + == on mnt ; Le gh f 
5 Thelimitis 22-1 5 7 | 


I | Various laws may be laid down for the progreſſive terms 


of a ſeries; and to find the ſum of any number of terms, 
various methods have been invented. To enumerate 
them all would carry us beyond the bounds of the preſent 
undertaking; ; and it will be ſufficient, by a few inſtances, 
to give à general idea of methods, and to guard the 
learner againſt ſome miſtakes, into which, from 0 books 
on this ſubject, he is in danger of falling, | 


Let it be required to af the fob. 1 any number of 


terms in the ſeries . 95 . 


jed from ſub- 


: cating one ers from another ne 3 


1 


1 


$8147) 95 1 
8 = e e 


* . 


. 
S e 


eu- the No ſeries 1 upper: 
eel 5 Li 
WT 1 2 CER M ar 
| Y 4 1 { I f 1 
213 ee 


* Is Au = dies, of terms in 7 * kite Then 


_ 1251 5 + 1 5 e 
ff. Ss =: —  - log . 
e mem T 1 
72 1 3; c 1 | Since 


a1. 


7 
2 
* 


1 —— 


en 


— U 


ce 


| the limit of 17 ſeries i is 1. 8 


0 


888 115 aL be wake than vo gut number, 


_ 
X38 * i 24 


x 


Let it - be required t to find the ſum. of any number of 


s of th ſ e en ot Te as 
tern e ſeries 13 THETA 4-6 —+ oor nn 172 


** : 8 
we . 7 Ss * * 1 8 We: -# 


9 = - +: 


— 


8 
; 
* 
« 8 
5 > 7 * * PL I 7 
+ | 2 
_—_ % oo „ (© „„ oo 2 — 
« q 3 
ky & 4 EA * a A 
2 ** » he's 1 e . e 6 28 
Fa ; 
* = 


4 , * -*; 8 o 7 N | 2 
ö BW B : FOES Ip . . 5 5 
VVV 27 $5 
: x * A ; 8 


BY . = — —— —— 


4 21 1-1 13 2˙7 „„ Walla Þ.; \ 


„ nner N at 


5 


— 


Let m= the number of terms in this lower ſeries, and as 
there are more terms by two in the firſt than the CI fſe- 


2 
be n 4, and .— — Hoa . 
1 2. 0 1 1 "75 þ 


ld 


— 


| ( 1200 
— I In general the ſum of any number. of terms Dl 
40 
1 ö ä F 5 ,a + ba ＋ 1 


„ | "46 ſeries under this rm” = + : 


? 


+ —ää ES = ; + 1 \ 
Fe Ali 20. 4 + 36 5 ht x 7 e +.n—1b 4 +7. 


* found by a 1 proceſs. 


9 SS «$543 * 
„ CITES 7 


+ 


- 


5 3 2 + 2, . 
e — = n 


2 . Go 


13 : 1 - 
=— 1 — 


EE += — — 
2 hatn=r.h 4475 ee na. ban 


Let m = the number of terms in n the laſt ſeries. 


"_ 4 vb Hs 


ED | ELITES 


5 I 
1. e a. wp Ota. 4 4 EY 


3 8 j 

* $ 2 4 1 4 5 « » 5 4" 

6. #4 | l "7 E OF 20-380 
mM mM 5 £ 85 4 * — 


— 4 
81 r 
5 
. ! 5 
ho + 
jj 


The greater the number of terms, the nearer ail 
8 2 9 to 7 3 therefore "the limit of a fert. 


of 


a < 


of this form i is = MEL 4 40 Wart tft 
5 A 


* 


ries 


ON 


oN THE 2 APPLICATION C OF F ALGEBRA 
; TO GEOMETRY. 5 


SING CE Pang is hs, Seien ſy” 5 it can I ng - 
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numbers are concerned; and it cannot produce any conclu- 
ſion but what relates to numbers. If itis applied to geometry, 


the poſition of lines, ſurfaces and ſolids cannot be conſidered- 


but, if a queſtion involves the numbering of lines, ſurfaces 
and ſolids or of their parts, the queſtion, inaſmuch as the 
numbers merely are concerned, may be a queſtion of alge- . 
bra. Thus, let a point moving up and down the line 


Az, fig. I, at the ſame time that the line is carried along ” 


another line CD, deſcrjbe the curve AKEF GH; and let the 
two motions be ſuch, that the line KI, drawn eee nc 


larly to the axis CD, ſhall always bear ſome relation . 
which may be determined by an equation. Thus, let KI, 
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part of algebra to ſolve the equation, y or & being given, 
But algebra, has nothing to do with the poſition of KI, 
whether it is above or below the line CD ; whether it is 
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or oblique angle to any line, or, in hovty WHITE meets 
any other line or not. ES OE, a 


ae 


N | When Fen bety 


. 


mined by an 1 the line deſcribed by the pointr may 

be called an algebraical line or curve. If the equation is 
a ſimple equation, the line is of the firſt order: if it is an 
equation of the ſecond order, the line is ſaid to be of the 
8 ſecond order: if it is an equation of the nth order, the 
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learned phyſician and mathematician at Milan in Traly , in 
the pear 154 55 for reſolving cubick equations of the two 
following forms, to wit, * ＋ br c and * — by = < — 
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ſolute term of the equation: but the ſecond rule, which 
relates to the equation x* — bx = e, will reſolve it only 
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by may writers of Algebra, even of the greateſt etl, 
nence, with an uncommon degree of obſcurity, and ha 
bead made the ſubject of much niyſtetious/ and fantaſtic 
reaſoning, lor, perhaps, I ought rather to ſay, diſcour ing, 
fince i it deſerves not to be called reafaings) concething ne. 
„ative and impollible quantities“ But now, I hope, it 
Vin be found intelligible, and even eaſy, by every reader 
who is acquainted with the firſt Patents of oe 
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ter viii. pages 223, 224, and 235 and Part I, Chap. xXivs the Supple- 
ment, pages 129,128, 129 2 end Cu Elemmra Ag. 
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All theſe writers have, im the'phices here referred. to, trkated his ſub- 
ject with an aſtoniſhing degree of obſcurity, and almoſt as if they had 

deen contending with each other which ſhould treat it moſt obſcurcly, 
without, at the ſame time, advancing any  abſolutely-falſe poſition, or any 


thing that was intirely unintelligible. And, if they had been engaged 7 


in a contention of this ſors I think C. range as it may ſeem e 
Dns, ) that the three pages here referred to in Sir Iſaae Newton 

\ Arithmetica Univerſalis would have intitled him to the prize due to 

the "higheſt « degree of obſcurity. Haw much is it to be lamented that 
men of fuck exalted abilities ſho uld, by the manner in which 1 they treat 
theft Ificult” ſubjedts; ſo miitch increas their difficulty au to exclude 
| thegenerality of even che Audious 3 part of mankind, who are f fond of 

5 cultivathg theſe ſcienecei from che pleafure of "underſtanding their 
writings! When Sir Iſaac Newton firſt, publiſhed his v great work called 
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Appendix, of brine cubick equations of the form x? + 


by = e in all poſſible caſes of that form, orwhatever be the | 
relative magnitudes of the oo · effioĩient ù and the abſolute 
term c, are ufually known by the name of Cardaws.vuluy - 
hecauſe they were firſt publiſhed by Cordes in his treatiſe | 

of Algebra 'intitled, Art 'magna' quam" ou COSSAM 


. oxant, ſeu REGULAS ALGEBRAICAS, in A. D. 15455 


nd not becauſe tliey were of his invention. For the rule 
for reſolring cubick equations of the form * + be 
was firſt diſcovered (as Cardan himſeFinforms us,) by on 
Sapio Ferreus, or Ferrib, of Bononia, or Bologna, in Tay, 
about 30 years before the publication of Cardar's treatiſe 
tbore-mentioned ; and the other rule for refolving cubick 
equations of the ſecond form x3 — bx\= e, in the firſt caſe+ 


ſons in all Europe who even pretended to underſtand it. He lived for- 


1 jearvafter this edition: and ſurely it would have bee 10 irkptopar = 
employment of four or five of theſe forty years, if he r 
to the writing that profound treatiſe, or at leaft ſome of the moſt i im- 
portant parts of it, Over again, fo as to make it incelligible'to 3 u greater 


| number of readers, by adopting the accurgte and perfpicuous fiyle is 


which the celebrated Mr. Huygens had written his excellent treatiſe on 
Pendulum.Clocks, called Horologium Oſcillatorium, which v was publiſhed 
in the year 1673, only: 14 years: before the firſt edition of the Printipia. 
That work was written on a ſubject of rational mechanics that hore 


agreat reſemblance to ſome of the ſudjects treated · of i in the Princigi „ 
ud it was intelligible to all the mathematicians of the time, and was 


generally approved and admired by them, and has been mentioned 
by Sir Iſaac Newton himſelf by the appellation of eximinm libeilum, 
which ithighly deſerves, being, in wh a YOu * th CORY as 
lubjefts. of Mathematical Philoſophy... 
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the latter eee hy preſent diſcourſe); was. iovented by 
another: Italian named Nicholas Tartaglia, or Tartalea, who 
+ was Profeſſor of Mathematieks at Venice, and diſtinguiſhed 
himſelf very much by his ingenious diſcoveries, He was 

a co- temporary and a friend ef Cardan and communi. 
cated this invention to him under a ſtrict promiſe that he 
would. keep i it ſecret :. and, when Cardan afterwards pub- | 

- ſhed. it in the treatiſe above - mentioned, Taxtalea com- 

| plained bitterly. of his breach of promiſe, and would never 
afterwards be reconciled to him: Tartalea died in the year 
1557. See NAahnturla g Hiſfoire des Mathimatiques, Vol. l, 
pages 462, and 479. 480, ad 481, and 9 8 Hutton s Ma- 

4 themati Dictionary. „ . 0 etz 9 12 $1 16 A 775k; 


„„ 
a 
AND ff the — 8 Marat 75 Go 
„ e. ee Heſolving the cubick equativii x: + br 


| 8 = ie 81 ufo IE or in 1 al efib . 5 


„ LY 


„ $6516 


WD + Aalhug on EX the al equation EY * - by | 


5 ai in the, rst caſe FA Php 
E " when 'E Is greater then” 


Þ . n 1 
rn 437 4 en 


5 


. . e 
4 f * $8 *% - 2 Fs 2 x! ** 23 bo 22 4 * 1 RY * os l 
1 8 * 5030 UP 4 15 . 14 Kt Wan! 4 7 I $4 
; 2 * : 4 Py 158 * £ " FF 3 * ws 1 
1 Eonoire: 71 4 5 n . 3 rn Ee. F 3 
>” >, nt NID van * 20 19 ee, than Meme port” ant <1 
. * 1 L 1 
. « * * N K X 5 or 
S yoitie boon to e it's 33 1700 | (32 925 i F 
4 As be + ON. S F. K * : : ' 
" 3 . 5s - 03; ths {46 5 . e ba? 4 FT 25 4 wo Mt 7 9 
„ 5 rg $4 
0 | 1 0 
* 258 * 5 7 7 4 
1 
> — 
{> 
Þ-'+ 1 ' 
- + : 
— HEY"; of 
Kh - 
# 
. 2 * % 
4 : 
. { 
* 1 
N * 5 
; - 7 75 
4 * : 
: ow 
9 4 3 
5 z 


0 


JF 


45 2 
* 88 i 8 8 #*, * Q- dr; 3 
72 e 13 146 At 11 * e RY * 1 * a TY WH 33 ins we 
PE 6. 550 BF 
721121 e 


| or Taz SECOND, 1 15 or THE — 
EQUATION 0 ene * * WHICH. THE. . 


- yt "45 A155 


* 


323 Ik il now «proceed, w conſider the 
Pa 15 of the eubick.cquation Fonts Ses in which c i is 


boden 0 * is leſs dan af. Tims eat fee 


hare already feen), PEN be reſolved by th tl aforeſaid fe- 
cond rule of Cardan, (which \ Was invented! 7 2 
becauſe it is impoſſible in this caſe ti to divide the line, or or 


root, x into two ſuch parts, vV and 4, that the pioduet or 
tangle, under the faid parts, to wit, che product va, 


full be equal to b and popſequently] 1 dual be 
equal to'b, and Aeg * e boat 5 * 
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encore, la torture aux Analyſtes. It mays however, be 
always reſolved by « means of a tranſcendental * expreſ. 


daii's tuo rules; above-explained; by the help of $i 
Iſaac Newton's binomial and refidual theorems. But 
the reaſonings neceſſary 40 be uſed in order to obtain 
"theſe tranſcendental expreſhong are extremely. ſubtle and 


in "which they are ſet forth and explained in the ſe. 
| ume of the Scriptores Logarithmici, which begin 
in page 36 7, and extend to page 575, and yet, I will ven. 


Page withont increaſing the difficulty of underſtanding 
them. Apd further, when thoſe. tranſcendental expreſ- 
bons haye been Juſtly « tained, "and. the manner of ob- 


2 e them has been berfeftly underſtood, the applica 


tion of them to the reſolution | of the cubick equation 
e I in this ſecond caſe of of it wil be found to be 
very tedious and laborious. I cherefore conlider thoſe ex- 
breſſions a5 matters of, curjolity, fit for the contemplation 
of learne and ſcientifigk Algebriiſts, rather than as à con- 
Wan beach method .of reſolving the ſaid, equation 
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ways be obtained with very little difficulty by Mr. Raph- 
los method of approximation. The manner of TN 
this will be the ſubject of the following Problem. a 
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„ XXI. To reſolve the hag: equition 25 — 
Ei EY; by approximation, in the ſecond caſe of the ſaid 
equation, or when the abſolute term c is = 270 5 
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X Vb. Therefore, T7 Now Wire - to begin our ap- 


proximation from either of theſe limits, by denoting the 


ſaid limit by the letter a, and the unknown difference be- 
tween a and x, or the root of the equation æ — b , 


by the letter 2, and ſubſtituting a a + 2 inſtead of * ifs 


denoted the leſſer limit vb, or a FA inſtead of 45 if a 
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terms of the equation x* b =«c, and then £590 the 
new equation thence ariſing, in the ſame manner as if 


it were a mere ſimple equation, by neglecting all the 
terms of it that involve in them either the cube or the 


ſquare of z, agreeably to Mr. Raphſon' 8 directions, we 


ſhould obtain a tolerably 1 near value of a, and conſequently 


of 4 ＋ 25 or a— 2, or x, even by this firſt proceſs of the 


| approximation.” And confequentliy, if, inſtead of taking 


one'of theſe limits for a, or our firſt near value of x, or the 


baſs of our approximation, we were to OR ſome inter- 


inegiate quantity between 1 and 2> Lot * ub, for 
vn or our firſt, near value of * hi it will DU 
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ſitute the faid quantity a, ſo taken by conjecture, inſtead 
of x in the compound quantity x*—bx, in order to diſcover 


whether the value of the faid compound quantity reſulting - 
from ſuch ſubſtitution 3 18 greater,“ or Fas thati the Gs 
greater or 8 the true value of At 0 having made 
this diſcovery, we were to ſubſtitute a+z or a—z, according 
23 a is leſs or greaterthan x, inftead'of ; * in the equation 
„b e, and, omitting (according to Mr. Raphſon- 8 


directions, ) all the terms that involve either the cube or 


the ſquare of z, we were then to reſolve the new equation, 
reſulting from ſuch ſubſtitution; as if it were a mere ſim- 
ple equation, the value ; of; ;thereby obtained would be 
nearer to the truth than in the former caſe, when we be- 
engen approximation only from one of the two limits 75 
ind lock c Vl; and conſequently ae value of a + 2 or 
a, or x, obtained by this way of proceeding, would be 
nearer to the true value of it than in the former caſe. And 
then: a ſecond} or a third approximation, grounded on the 
lame principles, and, condudtedi in the ſame( manner, as the 
frſt, would give us the value of x; or the rot of the pro- 
poſed equation x* e 3 exaCt- 
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than 4, or the abſolute ute te term of the, equation x: —5 * 4. 7 
Therefore. 7 S II be el is than, the values of & in that : | x 
equation. {1 40 u Abele HA Kt % 091592 - 
N Ti £7 i$ I i Waimea HS n D* 
ECC 2473 ads il tel 20 
Art. XLIII. We will therefore, in the next place, 
ſuppoſe & to be = 2, &#,-and. fubſtitute this binomial ; 
Ys ee OE s ire l 
ler 7 TOA e n eigen mor Nebekch £588.04 
be fince'® is 2. $ * 25 0 ſhall hae 


— * i * 141 . 1 FAT jo ; 2 


5 +a ( .). ＋ 3 * 4 2-51 * 2 + Ke : 

5 SF 30 + 3 x 6.25 X 2 + c) 05 8 
215 625 +! 18.78 K Bork te, % V. V. Sag : 
eee ge 8) 21245 u FE 


K AN oo ee 15 52 18. 4 | 
Niere * <5 9 $648 4h 75 —5 | 
dr al. ages Tiste 55 be - _— 

'= 3.126 + 13-75 & 4. 9 YN 


Alec! 997i T 2. 9 dot hole 8 3d * li molt. 


But 
N "£08. 2 oF DARE {By dd 


dee e enen. - 


con we” ”Y 5 TRL 131 (= = Fo ECP 275» 
"27 3 25 6 5 | 


x; 


vill he = aigi + Mr 2.563, or the lecond n near u. 


cm) 


ue ol the root of che e AE2 ox vil 
15 2 Sn 1 55 ; 
Ke: J*ͤ MAS M04 55 1 * 2 
Ati. x11. We bd next N to fublitl 2.563 
inſtead of & in the compound « juantity * — Se iq order 
to fcb ver whether the refufr of ſuch fubſtitütion will be | 
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not be reſglved by Cardan's ſecond rule aboye-explained, 
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Thiam wp hype the-nianner flowing: 
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tal Thee bitt1eſs" than 9 1665 Kc. 4 101 b 7 ie 1. 
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—T-134)\&6 [11.7 34 1.93H he f 1.735, &c/ 
102, dc. But in the ane pee nd! —63y is egual t 
162, which i is morethan+ of 1923 c. Tbereſore we. 


may ay conjecture that the value Se in che equa- 
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limit 9:365:;&e-than zo its lower limit 7 937 dee, or will | 
be greater than half the ſum of the ſaid Umits, (or than 
7.937 &c on 8 &e: 17. 182 dc 
3 or „ or 5.551. we 

will B. 8 bete it ts be . 807, Ind will proceed 
ſübltitute 8.) inſtead of & in the 6onipoimd *quan 
x* — 63x, in order to diſcover whether the reſult of ſuch 
ſubſtitution will be greater, ox leſs, than 162, or the abſo- 
lute term of che propoſed equation 43 — Ri — 63. 102, and 
conſegyently whether, 8.7 will be greater, or leſs, r the 
true value nu x in the . e ER 


oe he HEY 2 Bag e 171 5 

Now, 11. Xx is W we ſhall Lane * (= 8.51) = 
658; 503, and 63 (= 63 N 8.7 5 548. 1. Therefore 
1 63x, will be (S 638.50. — 548,1) 110,033 


which i is leſs than 152, of the abſolute term of. the equa: 
tion x3 — 63x = 162. Therefore 8. 7 muſt be leſs than 
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: 5 K fol 10.9 975 Ap N * 8 f K* 85 


k e 
72 cee 15469lib (7 491319 rt 82 5 85 . l L. 


of ib 4 £208 «} « ; 
kr 7 0 443 22 9 84 Fa 1 21 

A. "We wi i therefore put 288 and 

22 Ae 9g 14 > 


ci: the Pinomial” quantity 8. 7 ⁊ inſt cad of x in 
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the equation 1 = 162, and then reſolve the new 
equation reſulting from ſuch, -fubſtiturion as if it were a 
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X X5 7548-1 — 63 X 2), 2194093 4 19697. $$. 
127 12 1 12 1 2411 191125 115 2 7 R 


Sid sch zb feng But = 655d. [RE RES 1 
| "'*f kbfefore' vikego, 4 164/67 K übe = 162; 
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equation 4463+ 2162 will be gr. 


i £188; { 2151 20 Hun 'E 7 x %3 " ST F Wy +, 8 + 4 pe H$ 3 2 


1 : 


Art. LIN. we i 01 „ bus 5581 15 the com · 
pound. quantity x* — 63x, in order to diſcover whether 
] he. reſult Wy be e greater, 0 or 755 than . or the abſo- 
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131-4329701, 3 and 63x (= 63 Xx 9.00 = 367. 63, a1 
conſequently 1 ul 632 (=. 731. 432,0 a 567.65 ) = 
163. $02,701 3 which i is s greater chan, 162, or 'the ab ofute 
term of the propoſed equation x* — 63x = 162. . There- 
fore 9.01 myſt n than * true value of x in in the pt 
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i Lav. he 90 1 cies . a true value of 
in the equation * — 63 = 162, it ſeems reaſonable to 
conjeQure that the whole number 9 itſelf, may be exactly 
equal to t- And 18, upon trial, we mall find it to be: For. 
if x is = 9, we ſhall have 22.729, and 63 (= 63, 9) 
= 567, and conſequently & — 63x (= 729 — 567) = 
162, Therefore x, or the root of the equation 4 — * 
= einen "me whole e RO 109 6: 
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8 econd' rule aboye-explaine P bt t falls under the Fecond | 
cafe | of the. general, equation, 2 —1 = be = =, 7 and. muſt be 


reſolved by approximation; v which. x may a be done ir in the 
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Since 5 is = 1 3 we ſhall have ab. (= Y F2 3 = 
Kc 2 2 * 3-872, Ke. hm 1 1 8 . 
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ee BVI Fembeſd Shen a = Rb Vis, the 
compound quantity æ , or = ( 5% — 
| Wh r ASV/IS — I54/15) So; and, when is = 


——, or = , Or 4.471. &c, the fame compornd quantity 


*13 1 264/b 8.2 __ WY 7 2X59! 
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"In, 3/3 „„ vos 3 
5 * 5 X 3.872 Ke TIM 3872, Ke 38. 720 we 
e ee 1.732 


= 24:355s Sig which is much greater than the abſalute 
term 4, or the value of the ſaid compound quantity in the 


ee equation #3 — 15x = 4. "Therefore i it ſeems 
reaſonable to ſuppoſe t. that the yalue of * int that . equation 
wil oa as F fels from it's Jower lim, 3872, &c, than 
"82 | | from 
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cy 8 


from it's ; higher mit 4-47 1s ff and confequeptly, will 
be leſs than half 1 the ſum of the ſaid limits, (or . 


2. 15 of E24HiSe Jorita rk Ke: 


wig ene pee qual” to 1 n 
number 4, aid Will proceed to 1 4 11 ftead of Fas 
in the compbund quantity 4 N 154% in in order "to Afecer 
whether the reſult of ſuch ſubſtitution will be bqhaf to, 5 15 ; 
greater than, or leſs than, 4, or the abſolute term of the EN > 
propoſed equation. x 1 S 4, and conſequettly:whe- - 
ther, the faid number 4 will be equal to, greater . 
leſs than, the true value f. in e laid e e | 5 
wm dow Ei. dtelidde 1 24017 15 * 45 0 © 1 == 

Now, if x be = 4, we ſhall bare. xt (= 0 =66 
and 1 5% (= 15 X X 4) = 60, and conſequently * — 1 
(= 64 — 60) 4. Therefore the robt öf the 'projoſed . 
e * — 10 4 will be the whole number 4. 
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560. 160 0 
74 6, © : : 328. 614 Kc. But in "the equation 
* 90 = 98 the compound quantity x gon, being 
. equal te 98, di much leſs from o, of it's value when x 
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limit 10.5393, K Therefore. is ſeems; reaſonable t to * 5 
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it to be => 10, and will proceed ig ſubſtir rate 10 inſtead of 
x in the compound quantity x — gor, (which forms the 
felt kand fide of the propoſed. equation x? —gox = 98,) in 
order to diſcover whether, the reſult of ſuch ſubſtitution 
will be equal to, or greater than, or leſs than, 98, or the ab- 
ſolute term of the ſaid equation, and conſequently whether 
the ſaid number 10 will be equal to, or greater chan, or leſs 
than, the ! in eee is + op 
Now, it; x be = 38 we ſhall 0 $3 (= = - Tab) Fey 2 
and g0x (= 90 X 10) ==, 900, and conſequently & — ο 
(= 1009 — gaQ) = 100, which i is greater than-g8.-There- 
fore, 19 will, be, gregter, ALA 2 the) 
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Art. LEIX. We Aliase b 
10 — 2, and will ſubſtitute this reſidual; quantity 10 
inſtead of & in the propoſed equation * —: gaw = 98 


poſe that the true value of x in this ion will differ leſs 


and will then reſolve the new. equation-arifing from ſuch” 
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* een. than gd, or the abſolute term of the equation 
* gor 98, and conſcquently whether the ſaid num- 
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5 900 = 3.897. ae eee L 
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than 98, or the abſolute term of the propoſed equation 
x* — gox = 98. Therefore the number 9.990, 477 is 
ſomewhat greater than the t: true value of x in that equa- 
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quantity inſtead of xinthe.t terms of the ſaid equation, and 


then reſolve the new equation reſulting from ſuch fubſti- 
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i leſs than 2. Mr., R phſon's me- 
% 1 1 le s tha 75) by. aph 


thod of approximation . this 0580 of reſolving ES 
theſe equations is, as I conceive,” the eaſieſt and beſt me- 

thod that can be taken for the purpbſe *- Nothing more 

therefore need be laid Fee I the een of theſe 

equations. 1 e 95%; 23 e e e | 
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equations that involve only the cube and the ſimple 1 
power of x, or the unknown quantity, that yet remains to N | * 
be conſidered. . | gas that is the FR be al 1A 


4 , 


Now in this aaa ho x* is ſubtrated Red Fr 92 con- 
Rand, muſt de 1 leſs ee or 46 1 to it, and, 

5 This „ bes ee by Wee which _ 
publiſhed by Mr. Joſeph Raphſon, A. M. in the year 2690, differs but 
little from that which had been invented fox the ſame purpoſe, by Sir 
Iſaac Newton in che year 1666, and which is contained i in his very cur 8 
nous little tract intitled Aualyſis per equationes numero terminorum int 
fnitas, This tract was communicated by him to Dr. Iſaac Barrow, 
/and by Dr. Barrow, with his leave, to Mr. John Collins and other | 
eminent mathematicians of the Royal Society of London, in the year 
1669, but was never printed till the TO 1711, OF 1718. But an ex» 
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en & muſt be either leſs than,. or 3 to, the 
eo-efficient b, and x muſt be either leſs than, or equal to, 
4/6, or the {quare-root of the ſaid co-efficient. And, 


ſince x is limited i in it's magnitude ſo as never to be greater 
than /b, it it is evident that Ir — x* muſt alſo be limited 


in it's magnitude, and can never be greater than a certain 
finite quantity; and therefore, if the abſolute term c of the 


equation z * = c is greater than a certain finite 
quantity, it is evident that the ſaid equation will be im. 
poſlible, or the propoſition that affirms the compound 
quantity bx — & to be equal to c (for every equation is 2 
_ propoſition affirming the equality of one quantity, or ſet of 
quantities, to another,) will be a falſe propoſition. We 
. muſt therefore | inquire what i is the quantity that is the 
limit of the magnitude of the compound quantity bar", 
or than which the ſaid compound quantity can never be 
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lis in his Algebra i in the year 1685, that i is, five years before che ud. 


licarion of Mr. Raphſon's method. The two methods bear a nab re 


ſomblance to each other: but of the two I am inclined to give the pre- 


ference to Mr. Raphſon' s method. See a compariſon between theſe two 


methods in pages $59, 8bo, & 390, of a collection of Ms. 


thematical Tracts intitled; The Doctrine of Pormutations aid Combinas 
Hons, which was publiſhed in che year 1795 in a 1 e e in 
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Ant. — WHEN. * is = 0, | doth bs and i 
likewiſe be = o, and conſequently their difference by = x? 
will alſo be = : and, when x is = Vb, x» will be B, 
and x will be = : buy and conſequently bx — & will be (=. 
Ir = bs) = 03 that is, the compound « quantity by — s, 
after having been at firſt equal to o, when x was equal to 
0, and after having then been equal, to ſeveral different 
fnite quantities, while x was of various finite magnitudes 


between o and /b, "will, When * is equal to , become 


a ſecond time equal to ©. There muſt therefore have beeri 
ſome finite quantity to which the compound quantity 
Iz —x* will have increaſed from o, and from which it 
will have again decreaſed to o, while x Has continually 
increaſed from o to /b. This finite quantity, or greateſt 
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7 j 450 the continual addition of very fmall equal mer 
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of theſe very ſmall-incremetits of & be denoted by #, or the 


letter » with! à point placed over it. Then it is Fyident, 

that, while * increafes' from * to „ a, e art 

addition of one of thefe very ſmall increments; the quanti- . 
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increaſe from æ to # + a, or to x + 3 * 3n# + 
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br — x will become equal | to 2 ba + * 0 127 Ek d — 
3 — 53, or (neglecting the two terms 3 and 4 bz + 
bx 3 or br gn ch bt nn that is, it vil 
by 324, ox the inerement of . Therefore, fo long as 5, 
or the increment of þx, continues to be greater than 34%, 


or be contemporary! increment of *, the compound 
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| 8 ba, or the increment of ba is leſs char 35525 or the contem- 
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equation bx - * = er as well as in the ed caſe of the 
* " oppoſite wi a3. — 1 og (in which e is leſz fla 
8 55 or pr —= is lefs than 5 =) we have very convenient 
Umits to = magnitudes h he roofs of the equation, which 
will enable us to begin a procefsof approximation to thei 
true values, according to the rules 10 Mr. Raphſon's $ me · 
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when cis leſs eli 2 \the equation vil have two roots, 17 55 
of which we. only know the limits, but not the toots the- | 
ſelyes without: an: inveſtigation. of their values. And of 
theſe roots it; may ſometimes: he fequired to Kind the 
greater, and at other times to ſind the leſſer, according 2s 
the greater or the lefſer root may be the quantity that is ton 
neceſſary. to the Bolution of the Problem from which the 
equation has been derived: and ſometimes it may be ne- | | 
cefſary to find them both. I ſhall; therefore: ſhew, - firſt, i 
how to find the leſſer of theſe two roots by Mr. Raphſon's | 1 
method: of approximation, and, ſecondly, how to find te 
greater of them by the ſame. method, 
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derm 1s Are bt leſs dat, fo —= 5 e or the "ITO of. 


ans Wc of B at and' ke: us Aan the quantity 
fo choſen 4. Then let this quaNtity-s | be ſubſtituted i in- 
Aead of & in "the compound quantity bx — 45, in order to 
difcgver whether the value of the ſaid Sa quantity 
reſuking from this ſubſtitution will be greater; or will be 
dels, than ©; or tha abſolute term of the equation. And; | 
if the faid reſult ſhall be greater than the abſolute term c, 
e may conclude that 40 will be greatet than che true yalue 
of the faid leffer root'of the equation; and,; if the ſaid te- 
ſult ſuaſt be leſs tan the abſolute term of we may con- 
| clade, that a will be lefs'than the true value-/of the ſaid 
leſſer tobt e becauſe it has been ws ee A, 
en een increaſes continu 


i e yd anal to 75! 


while x increaſes from 0 to we] When we have thus a. | 
0 
covered ther a 18 greater, or is leſs chan the leſſer root 1 


df the equation, we muſt, if it is greater chan the ſaid leſſer | 
root, put »=a—z,andſubſtitutea—zinſtead of xin theequa- ; 
Non ic, and reſolve the new equation, reſulting 

from ſuch ſubſtitution, ag if ĩt were a merę fimple equation, : 
agreeably to Mr. Raphſon's directions; ; and, if a is leſs than 2 
the ſaid: leſſer roct, we muſt put * 2 4 + Sz and fubſtitute y 
a+z inſtead of * in the equation þx—x3 = c, and reſolve 
the new equatio! 5 , refulting from tuch ſubſtitution, a. as if it 
were a mere fimple equation. And, having thus found the 
value of 2, we muſt, in the firſt cafe, ſubtract it from o, 
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ue of a — 2, or @: +7 E, fo obtained; will be a 12 near 
nue of a or the leſſer tot of the propoſed equation 
bc — af = c, that will come much 1 nearer than the firft 


near value 4 to it's true value. e cheſe 
proceſſes of approximation to the true value of æ, or the 


{aid leſſer root, once or twice more, or oftener, we may. ob- 


nin the value of the ſaid lefler root to. gy of | 


2 . KC 
enters as we pleaſe. 2 
——+ ger y 510296; 3d. is b A 0 
8 5 : 4 f 0 79 * 922 5 * 2 7 


£ 48 


* 
* Xx 
{64 


ets He ett I 
3 BT ANY n 


o 6-7 72 
al B65 TD 2 2887 95 Ii 4 2 1 to 30 1 e 3 


TEE We or TEE GREATER) 
aue EQUATION, krete 7 


41 IXVII. 770 fle the vali eh 1 ane] 
of the equation bx ets = 'c we c dee 25 hb 


lows : : 


* 
* GN 75 
CE * bes 3s 2 9073 ACE BURY T7 W 
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greater than 55 but leſs than ae We! may therefore 5 


always begin our Approx imation to it's true value with ad- 
vantage by bag by conjeCture, ſome quantity that is 


greater than 935 «but. leſs than „l for the firſt near value 


of it, and calling the quantity ſo choſen a. In making this 


choice we muſt be governed by a conſideration of the mag- 
nitade- of 6 or the abſolute term of the e beeauſe 
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=, this greater rbot'of the equation * — — ru = c is is equal 
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10 uh and dat, oben ei 15 equal to o, tis greater root of | 
as 140 equation is equal to ab 3 whence it follows that, 
* c 15 but little leſs chan 222, 0 this Fester root of the 


fad equation will be but little greater than 255 , and 
1 | ir 
1 Bet is muck]eſs 20 ed but little greater than „ 
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5 greater root = py = equation will be but little leſs = 
than . Therefore, hen ai pretty near It's greateſt 1 
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wi fiſt near value of the greater root of the equa- 70 
ton I = #3 = c, ve muſt ſubſtitute it inſtead of in ſo 
| the compound quantity bx e order to diſcover whe- 0 


ther the value of the laid * quantity reſulting 
f from 
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= 


( 5 


from ſuch ſubſtitution will be greater, or will be} rh than 
c,or or che abſolute term of the equation 52. 2 And, 
if the ſaid reſult ſhall be greater than c we. muſt conclude 
that the quantity a will be leſs than the true value of the 
greater root of the equation bay — — = Co, becauſe the : 
compound quantity bu — a decreaſes, continually. from | 


23 0 to 0, while . increaſes from — to b, as has been 


ſhewn in Art. 643 ; and eb in this caſe, we ' muſt | 
put x = 4 + 25 and mpſt. ſubſtitute, 4 ＋ 2 inſtead of z 
in the equation bx — * r, omitting all the terms that 
involve either the cube or the ſquare of a, agreeably to Mr. 
Raphſon's directions, and then - muſt reſolve the new 
equation reſulting, from ſuch ſubſtitution, (which, 'with 
the omiſſions juſt-mentioned, will be a ſimple wh, 
by which, we ſhall obtain a near value of z ; and this near 
ralue of Fr being added to 4, will give us à near value of 
a + 25, or &, or a ſecond near value of the greater roqt of 
the propoſed equation br — * = c, that will come much 
nearer than the firſt near valye a to the true value of the 
C1 ſad root. And on the other Hand, if the reſult of the | 
ſubſtitution of a int the compound quantity 2 — $7 is leſs. 1 
than the abſolute term , we muſt conclude that the 5 
vb quantity a is greater than the true value of x, or the great- 
bat er root of the equation by = E e aid therefore in this 
| caſe. we muſt put æ& a z, and muſt ſubſtitute a —2 
inſtead of x in the equation ix - * c. omitting fide - 6 1 
tity terms that involve either the cube or the ſquare of 2, „ Ü ͤüᷓ 4 
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ple bad,) by dich we ſhall obtain a diba la of z; 
and this near value of 2, being ſubtracted from a, will pi gire 
a near value of 2 — z, or &, or a ſecond near value of the 
greater root of the propoſed equation zu = * = e, which 


to it's true value. And by repeating theſe proceſſes of 
approxiination to the true value of | x, or the ſaid greater 


we may. obtain the value of the ſaid greater root to as great 
a gegree ol of exaftneſs as We PE: . 


op _ RELATION. or THE chi EQUA, , 
TION bx — x T0 THE CUBICK- EQU4. BY þ 
"TION x — by = c IN THE SECOND' CASE or 
THAT EQUATION, \ WHICH CANNOT BE RE il © 
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4 foregoing articles, that the limit of the magnitude of 1 
the abfolute term of the: cubick equation þx. - K = c Wl ;- 
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ſuch that the ſaid equation cannot wes ellis by Cardan's 
ſecond rule, the oppoſite equation bx * = 7, which - 
has the ſame quantity e for Tt's abfölüte term, will always 
be a poſſible equation. This ſeems to be a remarkable 
point of reſemblance deren 27 Fs equations: : 
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"ok bs fake of avoiding intricacy 01 0b ben in the 
notation of theſe three roots, let us denote the leſſer root of 
the equation By — — x3 2 by the letter v, and the greater 

root of the ſame equation by the letter t, and the root of 
the oppoſite equation * bree (which has but one root) 
by the letter 8. And we ſhall then R 
* v . equal V 
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fulfcient to.illuſtrate.the method of reſolxing cubick equa- 
tions of the general form h c which is deſcribed 
in Problem iv; and therefore I ſhall forbear adding any 
| mote examples of it. But, as to the method itſelf, T will 
obſerve, before I quit the ſubject, that I conceive. it to be 
the eaſieſt and plaineſt and moſt convetiſent method that 
can be taken for che reſolution o theſe 1 e duoryt 
chat of firſt reſolving the oppoſite equation 4 — bx = 
or 2* —bz = c by the method delivered in Problem iii 
| and then deriving t the two roots of. the propoſed equation 

by - — . e from 2, or the pore pony —b | 
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e = 6 hy Problem iv. 
But either of theſe methods of reſolving. an equation of 
the form bx — n c will be found much more.conyenient. 
than to reſolve;it. by the triſection of a circular are by 
means of a, table of ſines and tangents, which, is a ell · 
known method of reſolying theſe equations, and which L 
| have made uſe: of in my Diſſertation on the Uſe of the Ne» 
gatire Sign in Algebra. That method has indeed. a more 
ſcientifick 2 , becauſe, if if the fines and chords of 
the third parts of any given circular ares could be found in 
tables to a great degree o exaCtnefs,. 0 or could be eaſilyx 
computed: to a.great degree of eractneſs, it would ; give us 7; 
the valpes of the roots ſought to the required degree of : 1 
exatneſs at one operation, Without the neceſſity of the re. 
peated proceſſes of approximation which have been made = 
uſe of in the foregoing examples. But this is veryf far „ e, 
being the caſe.” For, if we reſolve an equation of this 
form bx — #3 = c, by the help of : a table of fines and tan- 
| gents, we ſhall uſually find. it's roots exact to only three 
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be | or four places of figures, that i is, to about as many places 5 
t of kigures as we can ſind them to by the method deſcribed 
pt above in Problem i iv. by only one proceſs « of Mr. Raphſon's "0 
65 i zpproximation. And, if we were to endeavour to find the N 
ü, requiſite fines and chords to a | greater degree of exactneſs 
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zer =_ IR e to the value of the roots 
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therefore, nen our object i is to find 1 equaz 
tion of the form br * exact to eight or more 
places of figures, T will venture to afſert that it will be 
much more convenient to inveſtigate them by the methods 
defcribed above in Problems ili and iv than to have recourſe! | 
to the trifection of a circular are for that purpoſe. Andi 
alſo believe chat thoſe methods of reſolving equations of 
this kind will be more convenient, i in moſt caſes, than any | 
other methods that ca be 1 for the 1 9 8 e 
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"rt. V We 1450 now eg 125 che folution of 
the” foregoing four Problems, how all the three cubick 
equations, x5 + ba = 0 b = and =: = C1 
in which the ſquare of the unknown quantity x is wanting, 
may. be reſolved. And to theſc three forms all the other 
forms of cubick equations may be reduced, by making 
certain proper ſubſtitutions in them, by which the term 
involving the ſquare of the unknown quantity will be er. 
punged : and | conſequently all the ſaid other forms of cu- 
bick equations may ultimately be reſolred by means of 
the reſolutions above-explained of e equations of theſe three 
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| x3,) od their difference may be declared to be equal to 
the known quantity, or abſolute term, c; and then we 
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is an equation in which the ſquare of the unknown quan- 
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of the three forms * + br c, and & — by = c, and 
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one of the four Provicans meas | 


Wt e 


let 2? 


=? 1er 57 9 1 
ſides of we Aft equain y* * * Bn cyan 


Teh: „5 Aa 2 


in « is greater than 2 


* 


2 ay 5 g | 1 1 77 


1 
1 
. 
4 


( 56 | 


NP comes under, the ſecond.of the three 
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4. Cx. IRIS ANTS will not US be poſ. 
ſible, whatever be the magnitude of the abſolute term c, 
but only when c.is not greater than the greateſt | pol- 
ſible magnitude to which the compound quantity ar . 
can increaſe while x increaſes from o to a, which is its 
8 ateſt poſſible. magnitude. Now the prepisſ Poſſible 
| magnitude of the compound 5 ar — x3 may be 
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to 80 1 magnitude 2 by the continual addition of 
ſome very ſmall quantity, (as, for example, the ten-thou- | 
ſand millionth part of x,) which we will denote by i, or 
the letter # with a point placed over it. Then it is evi- 
dent that, while x increaſes from x 4d * * *, * * will in- 


creaſe from * to * +3, 5 or «* + 2% + , and 23 will 
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bt account of their ex ſmallneſs 5n compariſon 
of. af and * as) will be dars and $f + Now the in- 
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leſs than a, "the increment 2 will be leſs than the i in- 
crement 3. A. Therefore, while is increaſing from oto _ 8 


— —, the increment of ar, the firſt and greater member of 
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" Art. cxxv. To exterminate the fcb tei of this 


| equation — of * ax* + he e we mult ſuppoſe to be 
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1 222 


44 *. 4 


"eq vabto y= = 7 515 35 which (agotjon 


 polible, 5 whatever be the magnitude of x, "there 


pe S 


vill always b be ſome other quantity; which we may call 
which win exceed iv tene. Now, 
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and conſequently — ms of an 25 17 be vin be = 


mo 8 


wee er. 5 


ig c, and A baut Fogg + + toboth Ges) | 


ak | 72 


re be 


vill be = = e +, — + 25 wb b. an equation in e Ws. 4 
1 which the 1 of the oi quantity y is wanting, 
(= md which is of the ſame form as the equation b — * — 
5 =c, and therefore may be wee 75 mene . „ 
wa lem ir. , 8 e 
of i; 8 . 8 E r. 5 5 e 
a 4 C Ae e I e . 
= i the laſt of the ſeven forms of cubick equations that have. „ 
Wil their terms compleat, which were ſet down above in F 

Art, 1123 and therefore we have now ſhewn, how, by - 1 
rer « in ſome caſes to be equal to the compound "I 
OE OZ, > Danity 0 


1 involves in it the ſquare of the unknown quantity æ, into 


_ ſtudents of this ſcience of Algebrz, (for, upon the princi- 


} 
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A 
as 


quantity ” — 35 and i in a others to £4 — Js „and in other to 


| | —_ + 55 we may always convert a hien equation that 


another cubick equation, (involving the unknown quantity 
y inſtead of the firſt unknown quantity X,) in which the 
ſquare of the ſaid unknown quantity ſhall be wanting, 
and which therefore may be reſolved by means of one, cr 
other, of the four Problems above- explained. And this is 
all that i is abſolutely neceſſary to be known in order to ena- 
ble the reader to find the roots of any propoſed cubick 
_, equation whatſoever ; which is all that 1 propoſed to ſhew 
in this Appendix. But the more curious and inquiſitive 


[ples of Mt. Frend's book and this Appendix, from which 
all the nonſenſe of negative quantities, or quantities leſs 
than nothing, or quantities ariſing from the ſubtraction of 
yy a greater quantity ſrom a leſſer; is compleatly excluded, 
we may venture with propriety to call Algebra a Science, 
and one by which, in the words that have been cited from 
Des Cartes in the motto to this Appendix, Ingenium exc 
ature perſpicacius reddatur,) will-probably be defirous of 
knowing more exactly the limits of the magnitudes of the 
' abſolute terms of ſome of the forms of cubick equations 
(as for example, the cubick equations — * + ax" + b: 
I TY and — #*, — ax* + by = 6) within which only the 
aid equations are poſſible, and the number of roots which 
ſome of theſe equations will admit of, and the limits of the 
magnitudes of each of the ſaid roots; all which particu- 
lars _— in this Appendis, been whey ſet forth only 5 
e „ Roy 
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hall to the three equations x3 + bx = c, X3 aw. a c, ; 
and bx — #* = c, which are the ſubjects of the four Pro- 
blems above-explained. And therefore, for the further 
ſatisfaction of ſuch: curious readers with reſpect to theſe 
particulars in all the other forms of cubick equations, 1 
muſt refer them to my Diſſertation on the Uſe of the Ne- 
gative Sign in Algebra, pages 64, 65, 66; & - - - to page 
174, where the matter is very fully and diſtinctly conſi- 
dered and explained in WT ONS e and ſubs 
divifons. Pte” gut OY LOH 


8 
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ve THE hi obe CUBICK : £Qp/Amogs 


ch | 
ſs THAT HAVE ALL THEIR TERMS COMPLEAT, = * © 
of BY Mx. RAPHSON'S METHOD OF APPROX = 
1 MATION, WITHOUT FIRST EXTERMINAT- | 

* ING THE SQUARE OF THE, UNKNOWN | 

vc · Warrrrv. | n 

of 


Art. XXVII. IN 1 P 9 it has been | 
| ſhewn. that all ſorts of cubick equations that involve in 
| them the ſquare of the unknown quantity x, may be con- 
rerted into other cubick equations in. which the ſquare of 
the unknown quantity, that is the root of ſuch ſecond 
equation, is wanting. This converſion, it has been ſhewn, 
ico. i performed by ſuppoſing æ to be equal either to the 


7 wayound quantity — 5 or to the compound d- ; 
I Sc _—_ tity. 


ay . = 3, or is the compoind, quanity = 4 
as the caſe may require 4 chen ſubſtituting hs ſaid 


For the new equation arifing from this ſubſtitution, and of 


ue of 5 is diſcovered by that means, the value of * in the 
wh equation may be deduced from it by ſubtractirg 


* from * ehen WA” — — 5 or "by e 


„bon TA * x was, «equal to. 5 5 or. laſtly, by 


_ tity 5, comes under the general equation y* + 9 = 


Scipio Ferxeus, and' which is explained above in the ſolu- 
tion of Problem i: and, if che faid ſecond equation c comes 
| under the firſt caſe of the general equation 3 


or chat i in which the abſolute term r is ener than KS 


{ 388 ) 
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compound quantity inſtead of æ in the original equation. 


Which y will be the root, will always (as we have ſeen,) be 
without the ſquare of the new unknown quantity y. This 
new equation therefore will always come under one of 
_ theſe three forms, * + bx = e; n = b e, and bx — 
* = orf + gg = = e, and ag ='s, 
and therefore may be reſolved by means of one, or other, 
of the four Problems above-explained. And, when the va- 


11 1 


adding 5 to if ph. if „ was equat to We”; + + And, if 
the ſecond equation ( which involves the unknown quan: 
the value of y may be obtained to the intended degree of 
exactneſs at once, or by 2 fingle proceſs, or ſet of arith- 


metical operations, by means of one of thei three exprel- 
fions given by Cardan's firſt rule, which was invented b7 


4 £02 XY 29 vey! V's ES E * N 555 


renient "to 1 14175 at once 10 Ir. 


which 1 is the eh i in 


6 „ „„ 


«Li is Adee than , we 3 Ik a 


nined to the dark dee of etagtnefs at ohce, ö by 

ſingle proceſs, or ſet of arithmetical operations, by means 
of one of the three expreſſions given by Cardan's ſecond 
rule, which was invented by Nicholas 1 artalea, and 


EST S. 


which is explained above in the ſolution of Problem ii: 


but, if the ſaid ſecond equation comes under the ſecond 
| caſe of the general equation las Zap in which r is 


„ * 
TA 7 


COmes 


2 FF. 3 4 9 LET * I AR 
leſs than TEES "or — 1 le ls . Ham — if it vom 
L803 EAR TART VL 271 f I. 8 


| under the general equation gy — = 71, ve-ſball n not be 


able to obtain the value of 2 to- the intended degree 0 of ex- 
| afneſs at onde, or by a ſingle proceſs, or ſet of ar ithmeti- i- 


i al operations, by means of either of Cardan's rules, but 


all be obliged to employ repeated proceſſes ùf Mr. Raph- 
ſon's method of approximation for that purpoſe, in the 


| manner deſcribed i in. Problems i MW. and iv. And in theſe | 


S. £6 Bd 


latter cafes i It will, 1 believe, be g enerally found moſt Sl | 
Raphfon's 8 method of ap- g 
' proximation/for the reſolution of the firſt equation; (of - 
tead of: Bt.ogucjag: it, to one of 
the two forms Ya 1 7 = 7 and. JO — r: and, then ge- 
ſolving the ſai ſecond equation. by Mr. Rapbſon' s method: : 
and this, « even though the firſt equation ſhould have. all Ki, 
terms compleat, and Thould alſo be of the form æ — ax* 
+ * = = C1 which i is. 5 "the m moſt, complicated. and, difficult: of | 
| dl the forms af cubick equations, and ſometimes. admits. 
of three real and. poſitive roots. And eyen in the former 55 
caſes, which may be made to come ultimately under one, 
or 0 of Cardan's rules, I believe it will often be found _ 


C0 3 | : 1 


8 


( 


to be moſt convenient to reſort at once to „ Mr. Raphſon $ 
method of approximation for the reſolution of the firſt 
equation. s Of ſuch a reſolution I ſhall e now pro- 
cred to give one or two n 
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AN EXAMPLE or THE RESOLUTION or A CV. 


Bick EQUATION THAT 'HAS ALL IT 
*TERMS COMPLEAT, BY Ms. RAPHSONS ME. 


'THOD. OF, APPROXIMATION, WITHOUT 
. EXTE MINATING. THE in Of 
- THE, UNKNOWN gow 
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46 rim. LET i it is 2 to 5 by Mr. 
nigh ethod of 3 che Wh. e 
* TE 36. 342. 5 185 


. 8 10 « 


3 . 
12K. 1 5 0 o = 


lots we ah edler b in * firſt place, "Ka if x is 
equal to ID, xx will be = 100, and x3 will be = 1000, and 
Z*x will be '= = 300, and 36x villl be ( 36 x 100 = 360, | 
and i 0 nently that & = 3 — 30. Will be (= = 1000 
| — 305. 365 = 1000 = 660) = = 3403. which 3 is büt 2 
üttle lefs than 342, or the ablotute term m of the propoſed 
equation * — 3xx = 36x = 342. Therefore 10 will be 
2 little le leg than the trde value of; x in that Equation. 8 


i 3 Tard * 5 r . 2 2 2 ; + 5736; 14 "FE: 75 . 15 3 4.4 
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Let us cherfore, i in _ (nes place foot = to ah 
= 10 + 4. CIR, 


The» is te 2M = 100 + 2X10 


xz + Ke) n + 20h + they! and 2 (= 10 + 2 
= 1009 ＋ 3 & 100 & 2 + &c) = 1200 + 300 ＋ Ke, 
and gaz (= 3 X 180 + 202 + &e = 300 + o Ke, 


3 36 x 10 + 5m, * EE A Lbe 305 e 


0 7 9 3 % 
. 4 . 4 FEE ROE, LE He” 7 : OC ES x 9% 1 ” 8 
1 « 5 : 8 1 g 
& * e 


e my bg — ene = 0 488 

77 1000 + 300 * 2 + KC 10 
| — 300 — 50 1 e >: 
e 36 * * ; 


= 24s +204 * 2 Ke. 


a+ + 
4 


I be | = - But x! - — 2b — 5 18 = 345. 


Therefore 340 7 204 * 2 de will alſo be = 342 Kos 


| enſequentl (ſubtraQting 340 from both ides,) 204 * 2 


Ps N 1 „ A 
| will be = 2, and 2 will be ing ESTAS 0.009.803, 


Therefore! *, or 10 ＋ 2, will be (= 10 . ooo, 15 


my Kc) = 10.009,803, Kc; that is, the root of the pro- 


poſed equation & — * 92 0 =" 0 will! be nearly 355 


33 
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„ CAI. [This Te N75 *. is is pretty ne near - the 5 


| . as will appear upon trial. For, if we ſuppoſe. * to 
be = e we ſhall have Xx = 100.196,1 56, 998, 


C 4 . | Bog, 


32 1 1 8 
F 


4 392) 5 


| 100, and. *. 1002.943,783966,326;624:627;! and g zur 


300. 588, 468, 296, 427, and 36 ( 36 X 1.009803 
= 4 a and * — 3 — 36x = 


"1002. 943,784,906; 1 9 1 

— L pro58,466,19, my” | 3 
350.352 5 
1002:94 78 es,: 

— 660.941,376, 296,427, 105 
609,899,624,627; ; which is greater than 342 oy leſs than 


18 7 
» 
8 


— 


| 8 « or 10 „ . 


re XXX. 1 peligye i manner = | b Hen the 


value of x in the propoſed. equation 4 — gue — 365 = 
342 to be much leſs troubleſome than, firſt, to convert 


this equation i into an equation a of « one of the three forms 
256 oy r, 55 — 9 = FA and 9 = 55 „ by ſuppoſing | 
+ tobe equal to (= + 5. 7 0 5 » or) 1 * 4, and 


e 


ſubſtituting I +y inſtead of it in the propoſed equation 


* —13xx — 36x = 342, whereby the ſaid equation would 


be changed i into the equation — 38 — 30% ＋ = 34%, 


or * — 39 = 380, (in which the ſquare of the unknown 
quantity y is wanting, ) and then reſolving the ſaid ſecond 


equation 5 — 39y = 380, thereby obtained, by means of 


one of the expreſſions of Cardan's ſecond rule, under 
which the ſaid equation falls. But E leave the trial and the 
compariſon of 9 8 7 two methods of reſolving t the propoſed 
equation #3 — * = — 9 = 13 to "oe induſtry « of 
dhe Teader, 5 


*. 
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| ANOTHER EXAMPLE OF THE RESOLUTION OF: 


A CUBICK EQUATION THAT HAS ALL IT'S 


TERMS CO LEAT, BET Ma. RAPHSON'S 
| METHOD OF. APPROXIMATION, WITHOUT 
FIRST EXTERMINATING THE SQUARE OF 
THE UNKNOWN US ANTIET e 


A A af? 


rt. cxxxr 'LET the equation chat is to be been 
u! this method of ee Be wa Wn 1 33 1 70 5 


43 6757 = 6 r 5 EE FO 


* 


; Now it lo: in he firſt ay Bs + this «quite 
| can have but one root; and this root may be found by a 


| few eaſy conjeCtures and avi to ya org on we but 
W _ woah, 3- 5 bre oo. ** 


Jar. * 2 COLE: 3 
SE N + 8 


Fon if * ig is ſuppoſed. to en = _ we. oſha Elina . col 
and x* alſo = 1, and conſequently * + 15. 75% + 43. 
6875 (= 1 + 15:75 X 1 + 43-6875 X 1 =1 + 15-75 © 
+ 43-6875 , 16.75 + 4368756) 60.4375; which is 
much leſs than the abſolute term 440.046.875. Therefore 
1 is much leſs than the true value of * in that equation. Ea 
We may therefore reaſonably conjecture that the ſaid. © 
true value will not be leſs than * e alt a ene . 


A 


" lan it to be "Ry 0 4 Lappe 


" FYE vs P 1 „ WR! „ — 1 
48 4 : 4 2 9 AY 5 9 bb 4 
i '% #3 3 N : * 


alas if 5 =>: 364 we e hall have ar = = 4 1 = ns 
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be (= 27 + 15-75 X 9 + 43-6875 X 3 27 + 141.9; 
+ 131.0625) = 299-8125 z which is till confiderably leſs 
than 440,046,875, or the abſolute term of the equation 
* + 15.7 + 43:6B75* = 440,046,875. . 
3 is leſs than the en of in en, 


We vill therefore i in the ; next place Toppoſe « F to be 
— = 4. 1 5 ; 


3 2 
** 9 4 a 
* } — 2 4 K a * 
WS n 

» & "rh * \ iy 

* 4 * 0 ” + 1 * * 


| ef hen wills hd = 16, and x3 be 1 64, and . + 15. 


74.0 * 40075 X & will be (= 64 + 15-75 X 16 


+ 43:6875 K 4 = 64 +.252-90 + 174-7590). = 490. 
750053 which is greater than 440. 046,87 55 or the abſolute 
term of the equation * + 15.75 ＋ 43 687 C = = 440. 
046,875. Therefore 1 rue ae of bal 1200 weren 
pan de . e | 
We 8 now Bis 8 kun > alles of x 18 
greater than 3, but leſs than 4. We muſt therefore, in 
the next place, ſuppoſe it to be rg to W wehe 
een 8 : 


* 
b INT: . 


— 


„Ne e when x 18 ds 4 e ee quan- 
tity * + 15. 75 + 43.689. is equal to 299.8 125, or, 
nearly, to 300; and when & is equal to 4, the fame com- 


pound quantity is equal to 490.7500, or, nearly to 4903 
and, when x is equal to the root of the propoſed equation, 


the ſame compound quantity is equal to 440.046, 875, or, 


5 nearly, to 4403 we may reaſonably conjecture that the 


excefs of 4 above 3 will be to the exceſs of 4 above the 
root of the e equation in ai 155 Fame propor- 


tion 


1 y_ Lud e 


7... 000 iS, -— + 


—_ 
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2 8 
above 440, that is, that 1 will be to the exceſg of 4 above 
| the root of the faid equation nearly as 190 is to 50 or 
19 is to 83 whence it will follow that the exceſs of 4 
| above the root of the ſaid equation will be nearly equal to i 


b or 9 +, or) $00.21, and conſequenty tha 


| the ſald root will be nearly equal to 4 — 0. 21, or 3:79- 
| Ve will therefore ſuppaſe x to be equal to 3-79, and try 


what will be the value of the compound quantity & + 


15.7 1 $ 43: _ 55 ne from this een. | 


Now, if + is = + tors nit have! 4 (= Ns > ng 


| 143641, and of (= 3-79Þ)- = 54.439939, and 15.7 S 
(= 1% 14 3641): = 226.23435755 and . 43.6875x 
| (= 43-6875 X 3: 79) = 165. 57; <625, and conſequently 


3 + 15.78% ＋ 43·687 5 ( 54. 439,939 + 226 234. 


95 + 165.575.625) = 446.250, 1393 which is a little 15 


greater than 449.046, 875, or the abſoluteterm of the pro- 
poſed equation. * + 15. JS + 43-6875x:= 440.046, 


975. Therefore 3-79 will be a little greater than the 


true root of that equation : but it will be near enough to, 
the ſaid root to be an excellent baſis of a further approxi- 
mation a it in the method e by Mr. en 3 


en kt Let bs ne now — 15 or the 


root of the equation * + 15. S + 4368757 = 440 
046,875, to be equal to 3-79 — 25 and let this compound 
quantity 3.0 z be nn inſtead of x x in Weg terms 

of en n e EA. 8 


- 8 
: 8 8 7 8 qd; 
. * "IN E i 7 1 oe AH N 983 8 * 
7 % £ « 1 * * 
, A : ; 
: J I 
* 


he 


. e 5 * 2 why, 36 0 6 8 
n 1 „ will be (= 3579 =. - 5 = 3:79 $62 e 


3 * 3 * 2 + & = 3.791 —3 * 
14-3641 X 2 + Kc 379% — 43.0923 * 2 * &) 
54.430, 939 — 43.005 * * +&e,"" 
and i 75 willbe(= 15. 75 * 14. 55 
= 15.75 * 14. 3641 13 75 * 7-58 X 2+ 25 
= 226, 23875 — 119.3550 * 2 + Ko, 
l 43.60% vill be 14 43.6875 & 75 5 
= 43.6875 3.7 = 43.6% X 0% 
= 165.575,625 — 43-6875 X =; 10 an | 


and conſequently the trinomial awc 5 "ti 1 15 z + 
A PT Rr „ * 5 


N 0 


35 ws 4 $$ 1 1 
7 18 2 % Eo iy > 


54439039 5 43-0923. * 2 ene ) 
85 800 + 226-234,575 © — 119.3850 * + Se, 
125 7 C+ 265. $75,625 — . 
44⁴⁰ eee 206. 1648 X * * Kee. Lebe, 


4 
But the 3 quantity * = — 15. 5 *. »+: 4 26s 


| oh on 469946075: 


— 1 0 


Therefore ee 1e 1 $a: will 2 
alſo be = = 440.046,87 5. And conſequently: (adding 206. 1 


0 IX z to both fürn 4462 50,1 mw will be = ES 
875 


1 397) 


355 + 206.1648 X 4, and (uubtractiug 440.046,87 5 from | 
both fides,) 206. 1648 X 2 will be = 6. 203, 264, and con- 


ſequently 2 will be (= 85 e = 0. 030, od. There- 


206.1048 


92, or, very 19 5 3.760; that is, the- root of the pro- 
| poſed equation #* + 15-75xx +. 43-6875 == eee : 
975 wy be, ay 2 = 3 76⁰. 

55 x. ys 


Art. cxXXIII. Now that this des 3 760, i is very. 
nearly equal to the true value of in the equation 3 + 
15-75% +43 ng" — WS 875 mw pon 15 1 e 
trial, as follows: oY I 
If x is = = 3. 1 we Mat have ax (= 3.760 = = If. 
| 137,600, and * (= 2.79013) = = 63. 1 78 and 1 5 
15 (= 15.75 X 14.137, 0) = 222.667, 200, oo, and | 
43687 5x (= 43.6875 x 3-760) = 164-265,000,0, and 
conſequently x + 15.7 S + 43687 5 * 53.15 7,376, 
000 + 222.667, 200, 0 + 164. 265, 00, 0 = 440.089, 57 5 
vhich exceeds 440.46, 875, or the abſolute term of the 
| equation & ＋ 1578 u + 43.0875 440.046, 876, by 
only the [mall quantity o. 04 2, 701, which is leſs than the 
10, zo p th part of the ſaid abſolute term 440.046, 875. This 
b very great degree of exactneſs for the reſult of only 
one proceſs of Mr. Raphſon's method of approximation. 
A ſecond proceſs of this method, by ſuppoſing x to be 
| equal to 3. 760 — 2, and ſubſtituting this compound quan- | 
(ity inſtead of x in the propoſed equation & + 15.75*x + 
43-687 9 "= 440. 046,87: 5, would give us a value of a that 
f would 


| fore x, or 3-79 — 2 Will be = 3.79 3 . 3.7895 5 


verting it into another cubick equation in which the 


reſolving it I believe he will find- much more laborious 


jectures and trials of very eaſy numbers conſiſting only of 
one figure, and, afterwards, by only one proceſs of Mr, 
| Raphſon's method of approximation. But of this the 


thods. 


* 


or IHE RESOLUTION OF BIGUADRATICK 


forms of biquadratick equations, or equations that in- 
volye the fourth power of the unknown quantity, is 10 


8 W 
, Would be Erdl in the firſt eight figured» | But this 1 ful 


leave to the induſtry of the reader, as well as the buſineſs 
of reſolving this equation in the other way, by firſt con- 


fquare of the unknown quantity ſhall be wanting, and 
then reſolving the ſaid ſecond equation by means of one 
of the four Problems above-explained ; which method of 


than the foregoing reſolution of it by three, or four, con- 


reader will be beſt able to judge' when he has reſolved 
this and a few ajors fuch OO wy both theſe me. 


1 therefore think it ele to add any . fur- | 
ther GENE the © IIA * cubick . 


= 7 


' EQUATIONS, OR EQUATIONS OF THE 
FOURTH ORDER, OR THAT INVOLVE THE 
FOURTH POWER OF THE UNKNOWN 
| QUANTITY. | 


Art. CXXXIV. THE number of all 5 different 


kſs than 46, the faid forms — as follows ; x 
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or rr at = ys. 
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24.— — pes r 1. 


1 + pr, A g = 

** + fo —_ go ='s, + 
x — port + ga. = 7. 
3 pad. — 4 = 4 1 


SN 


ROY 
Ie. X 


29.—* + p + 2 =" 7. oh 
31.—1. — pe. + 9 = S 


r 15 
of + e Þ 45 — rx =. 


„ E + rx =v 


a 


„ TY 
* pe * 9. +'# * 2 1. 
e e 
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46 * + pr + 9x? wan 
4b + Pe + 2 = ra'= . © 
bs + Pars = go” + rx = FR 
43. + pr 4 — .. ="s, 


Y 44-—x* — px3 + 4% + 7x = =. 


45 · e ef + gt — . = "4 


. e r * 


. 


** 


* } * i * N 


. * 


5 


” ao * 28 ® * * wy . a 
* 2 * 9 8 7 9 LF * * * 2 1 oy 
7! 4 . ö N 10 % 
: ” 7 * 
- Rr 2 4 Ni 2 
; . f 5 N 
2 i Y 
6 0 


| Art. XV. Of dete 46 hene of: biquadratick // 


equations, 27 forins, namely, all thoſe. in which “ is . 


ſubtracted from the other terms on the left-hand are 
equation, are always poſſible, whatever may be the magni- 
tudes of the co-efficients Ps 9s and 55 and of the abſolute 
term a. Thaſe forms are as follows: 5 


F 8 : 
HTC . — N 3 SB 8 1 Jy. 


1. . = 1. 0 10 N N 
"Aa „ bro=4. „ ; 
ö Mn af 1 „55 Pk o8R | 
. 
V 
8 
* * , =7 W nas Frpndt | 
8. * + 9x* + r 
ö 9. big orx='s ; 5 „ OE . 
10. 1 be Og a." 
e 
13. „ ＋ p f 
15. „p . „ MIL. 2 
16. * + b + 2 „ ; 
17. * ＋ ps? — = 
18. * — pu + go? = f. OR 
19: xm pat —— ga? * . * „ | 
20. of 1 + gu? RE 


Wm e ” VHP 


” 
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The other 19 forms, in which 4 is rk with the 


l + po? gf Sen; 
* + far? n ＋ r = „ 


5 p go + ts = 


a pes — 22 +. rs = 7. 
e =; 


2 A 
%. 2%, 4 
« : 402 ) 
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34. 


- » 


7 * + b — 4 1 * 


of — p38 + e. — . . 


75 


ſign —, or is ſubtracted from ſome of the other terms on 
the left-hand Gde of the equation, will ſometimes be im- 
poſſible, if the abſolute term « is greater than the co- eff 
cients p, 9 and r, ja a wry en 9 


3 


5 Art. cxXXvVI. And of the die 27 forms of bi- 
quadratick equations, that are always poſſible, whatever 
be the magnitude of the abſolute term «, there are 20 forms 
that have but one root. Theſe f. forms are as s follows : 


* + qn* = 2. 1 


Pr * rx = Fe UP „„ 


* — re = 4. 1 8 
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*. FR ” 2 * ; i 
** + p „„ 


; N . = Fol. Rt; Yo þ NES. 


"a ga* — rx = Res 
* ＋ 2 — 75 


3 25 Wy ; 
— Ed. +. £ x 
? $$ ; 
= 10. 
* a = 
, 4 
— * + 


Lt EY 


fiti 


10. 


„ei - =O rent 
OO * . 5 9 + r = b. 4 . Eg 
WT 7 at ＋ p43 1⁴¹˙Kʃ: 5 if 445 { 2 14 , 
13. x * * P 0 = . Megs 4:19 8 elne 
1. „ b u . , OO 
1. * + Px — 2 5 15 8 5 Win; LG 
16 * p — g *. JJ. 94170 
17. | gh! + pa 4 4 K r = Tait WF £4008 
18. e, K . 1 e 
19. nf + be. — — 25. — rs = 74 | - = 
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| = A e e a Ps 


| At cxXxVI. The Wai Conn, 3 of. the 
| 27 forms ſet down in Art. 135, which are always poſlible, 
| whatever be the aan of the abſolute term + are 
| ley: dae, J nya efr Fra WET „ ile 


8 1 % ; 
Mae! al CO: YEA ITS 244 


a * Ba als rx * . Gi Hes % | REL 15 
3. „ E + gin rn is 11 
4 19 + p — 2 + 1 = . 135 ts 
5. * — p + gf Siem 00 
6. wt =p bg =rx =o | 
5 — gx „ 
7. * FO. qu # M e bool l 


— 


Theſe equations have 8 three mots, or, in the 


' language of modern writers of Algebra, three real and po- 


318 or ee, roots, if the co-eficients Ps 75 and r, , 
| | D d 10 - | - OE; 


t 
of x*, x*, and x, and the abſolute term 5, are of certain 
proper relative magnitudes chat are neceſſary for that pur- 
poſe: but, when the abſolute term! is very great in com. 
pariſon of the ſaid co-efficighits 9. and r, they will have 
a | but one root. To determine when they will have three 
roots, and when they will have only one, and what will be 
the limits of the magnitudes of the leaſt and leaſt but one 
of. the ſaid three roots, would be a very difficult and te. 
dious buſineſs, on account of the great number of caſes 
into which the inquiry would be neceflarily ſubdivided, 
ariſing. from the variety of different proportions that may 
ſubſiſt between the four quantities p, 9, r, and s. But the 
principle of the inquiry would be the Doctrine of Marina 
and Minima, by which it would be our buſineſs to diſcover 
what would be the magatude of the variable quantity « 
at the inſtent when the trinomial, or quadrinomial, quan- 
ity chat forms tlie left hand ſide of the equation in each of 
the ſaid ſeven forms, firſt becomes 4 maximum, or ceaſes 
to increaſe and begins to decreaſe, and what would be the 
| ſubfequent magnitude of the ame variable quantity at 
the inſtant at which che ſaid trinomial, or quadrinomial, 
quantity, after having firſt increaſed to a certain magni- 
tude, and begun to decreaſe from that magnitude, be- 
comes a minimum, or ceaſes to decreaſe and begins to in- 
creaſe again. But of this I ſhall fay nothing more on the 
preſent occaſion, on 1 accourtt of Ge prodigious a it 
would lead us l. 


None of che foregoing foven 8 of bed 
equationb dino of more than three real and yo 
roots. * pL 75 % 5 e e l vi? Keys: 


Art: 


- * ö £ 


| VII The remainin aining 19 forms of bigua- 
7 equations, ah. may ſometimes be . impoſſible, 5 
hen the [abſolute term 4 exceeds the co-efficients 1 
ind 55 i Re degree, areas Lk 97 we ven | 


£ — 
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—y+ — = Fo 
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to FR e - 18-3 62% Fo. 8. 
1 * . <p 7 + rx = . 1 21 10 
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| % Dad. 01700 TRY 6 7 
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Co 1 13 £4 ts 4 35 
. 13 + Eg Se Fo 
H- oF 423347 % HARD $3 0-591] h \ 
he 101 14 . + bp + en 4. es 
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16.— 4 + Pe got re V 1 
eK 17 * got +re=sn | 2 
: 3.7 Vf : 8 4 . 4 
2 4 : . a ö 4 


ve il 1 = — be, + 9 = — re = 4. : 


Lig 


a e * 

None of "theſe ic forms of bags atick | 
have more than two real and*pofitive roots, except the 
equation” * 4 pr = g Þ+irs l and tliat may 
have four roots. But, for the rcaſon given in the preced. 
ing Article, I ſhall enter go further into the conſideration 
of the number of the roots of theſe equations, nor of the 
limits of their ſeveral magnitudes, but ſhall now proceed 
to ſhew how all the 46 forms of biquadritick equations 
ſet down i in Art. 134 * be relolred . 


* 
2 * Sd pts N 7 nt 3 


- 


4 A 


| 20 = 2 2 * 8 5 9 
* e * 


* = 11 pn 15 1 ies 
or THE BIQUADRATICK EQUATION « =. 


. "A hon 1 55 : 


TOO XXXIX. 0 F Se. . equations, the firſt and 
fimpleſt is the equation at = = . This equation may be 
reſolved by two ſucceſlive Ertraklions ö of the ſquare· root 
of the known quantity, or abſ6lute term; I; the firſt of 
which extractions will give us the value of. , or 72, or 
k, Or the ſquare of the . tg. quantity 3 and the ſe- 
cond will give us that, of of 2 or of Lu or of the Ul 
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OF THE. BIQU ADRATICK EQU ATIONS, x Py 99 
g = = wth 1 1 ASTD 0 = Fo. 

Art. CXL. NEXT to the. pure equation * = 75, 
the 5th, 6th, and 7th equations ſet down i in Art. 134, , to 
wit, the e ** 80 7 4 * — — go* = , and 
—#* + gx* = 5, or gt 2 , are the eaſieſt to be 
reſolved. For theſe equations have the form of quadratick 


equations, and may therefore be reſolved in the ſame man- 


ner as quadratick equations ſo far as to give us the value 


of xx 3, after which the value of x itſelf ED gund by 
the e hear noltetbaas ads 1d 


26181 
* * 
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| EQUATIONS SET.DOWN IN ART, 272400 
IN WHICH" FORMS' THE CUBE OP THE UN. 
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An ff Et 
2 che remaining 41. tal ſet 30s 


Eu Art. 135 thoſe which ought. next to he conſidered 


are che ſeven equations. that. 1955 "next after he roth, 5 
pamely, | the wth, 12th, 13th, 24th h. 15th, 16th, an in 171 N 
| E * 557 'whic y involves t the cube of - 
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CO iel wd of n 8 dy he re- 

ſolved by the mediation of cubick equations by two differ- 

ent methods, of which one was invented by the famous 
'- . Monfieut Des Cartes, and publiſhed in his Geometry in the 
Fear 1637 and the o other was invented i in the middle of the 
preceeding century, about the year 1 5455 by an i ingenious 
e eee Pg hoſe name was Lewis 
Ferrari. 41 der 1 be 4 7 8 of  xefolying theſe equations 


1 require a g ation, and conſequently are 


atteyded A A good deal ef labour; and I think that in 
this reſpect they are nearly alike and can ſer no reaſon 
for preferripg one of them to the other. But with reſpect 
to another very important circumſtance, T mean the clear- 

ſs, of. the the ideas and. reaſonin s on which they are 
ebe mg 1 think k Ferrari i's. method A preferable to 


+ 


8 Cartes 0 thou oh (for 8 Know not what reaſon, ) it has 
been feld dom mentioned by mbdern Writers of Algebra 
* Des 7 9280 method has beef generally adopted by 


errari's me cthod had, however, been duely ho- 
nourel 
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noured by the writers of the century in which it was firſt 
publiſhed : for Bombelli i, a learned Italian mathematician of 


tut age, has employed the greater h e — 


treatiſe of Keio n ita, 1 en | 


- 1 1 * Z * * £ * "x the * — 4 * * #; A, 
4 8 3 S ow 4 1 : 1 * 5 4 7 3 8 , 


- 
* 1 XY 4 * 1 
3 1 $5 10 
4. #-& 4 
i 
2 . 5 ; 
. 
* 
55 » v T * * W 0 4 
n g 1 hw a 5 bag — 5 
"4 2115 141 44 9. 5 . 1 34% * 3 . z pF „ & We thy 
FN 81 Bent, 634% eee. : 5 e Ir 


or THE BIQVADRATICK- EQUATIONS" 


+ Hern n K S ESTATE SL > 


fre EF E 12 AND — . + 8, u on 


6 A 


: 4 * P 1 . 2 ow 
» 8. r » < r — 
* 26 es 2 noch . een 


** 


4 11 IE * Sate * + 15 = * 
oj anti ve — x* ="5;" may be reſolved by 
ther of the'two methods metddhed 3 in the foregoing Arti- 
ce as having been invented by Lewis Ferrari and Des 
Cartes, becauſe they may be conſidered as falling under 


the equations . 947 + Y and * + gat'+ ra , 


and — * ＋ 2% ＋ r 5, when 4, or the co- efficient 
of x*, is ſuppoſed. to be O. So that there now remain 
to be conſidered only (46 12-37 3 er 

= 14, or) 32 forms of biquadratick equations, which are 
thoſe in which the We of me unknown rel x is 


4 FEE FEES 1 1 


1 £7/% / ES LECT EST, 6 51 0 Wks 4 8 W "MN 
re J WIBNITS LION ISTTY SEED SOLVES iT 11 5 
fr g | * y C f M. RFA 8% „ Fe: 
4 J 13 : 
1 » . f F =P 0 * 
14 * 771 n 4 s 0 »g * 
| pute a 0 en 417. -C armeo! 
1 x N * 
; 1 *, fk 7 5 > 
x 4» * 4 N 1 . * 2 23 # 
. e „„ (oath 08 
: * * „ 
4 5 * = : * co» 9 . 7 
D 1 a k N. 13 f 1 4 
* n K 4 17 1H 1444 4 If; 4 $ 151 © 6 5 2 
* \ 9 : 1 8 1 I Pp Fad 
* Ip 7 
$4 * " 1 32 I OP 
* ba 1 4 5 5 * hy 
4 R * #7 1 
1 > 2 14 : 5 port F {3 $A . 2 x 
N % 2 Pp 7 : 
7 
a \ 
on 
_ — 
* £4 
"4 
7 80 oft 
U a. 4 - 
= 
* 


4 
* 1 
* 
7 . 
2 
185 p * 
f „ 7 
* 7% "- 


7 Ty 5 a » * * © * ; 3 0 5 
. ES n i "$34 * 280 129 5715 fx F-1 155 K SY ? 


7 At: wt. 
„„ 


FC . PLE; A £85 + 3 1 8951 2 2 tg A's 01 T6} 6 1 


5 r THE REMAINING 33 FORIS Or Ma 
DRATICK EQUATIONS, OR THOSE WHICH 
| INVOLVE THE CUBE OF 19 UNKNOWN 


Sw e ee EAA eee t 
N % 7 — 5 * - 


* 8 i 


Ari. XLII. ALL the remaining 8 equa - 
tions, (Which are thoſe that Jnvolvers? 79s the oube of the 
unknown quantity x, and which are 32 in number,) may 
be reduced to equatians of ſome one, or other, of the 
ſeven forms ſet down i in AR: 155 by 18 0 to be 


2. 
equal) either to 7 =: ON, or r to 4 — = ftp Fo +138 


| ahe-caſe ſhall require, wok dbb ming ub ſaid compound 
quantity inſtead of it in the terms of the propoſed equz- 
tion; juſt as the cubick equations that involved the ſquarę 
of the unknown quantity, ſet down in the. foregoing 
part of chis Appendix, were redlugedy 26,996 or other, 
of the chree forms * 1 1299 n and gy — 
125 by ſuppoſing * to be equal either to 5— 45 or w | 
TI = 2) vio Loris 


17 ere 785 thts 


(after aer deen chus i to ſome. one of the ſaid ſeven 
forms, ) by the mediation of cubick equations in the man- 
ner directed either by the method of Des Cartes, or by the 
| e and more un e of ann, Ferrari. 


29 75 cxLav. Ad to ti reduRtion of ths 32 2 biquadr 
JS. | | tick 


aw 


a 
1 


(iy 


tick equate Ui involve in them the ſecond. term px?, 


er the cube of the unknown quantity, to one of the ſeven 
forms ſet down i in Art. 141, (in which the cube of the un- 
known quantity is wanting,) by e * to be es to 


| one of Che th three compound quantities 1 — It wt — 75. 


and 2 Te: 55 and ſubſtituring the' ſaid — quanti- 


ties ies of x in the terms of the faid 32 equations, * 
ſhall not here enlarge upon it, but ſhall leave it intirely to 


the induſtry of the reader, becauſe the limits of thi is Appen- 


dix will not admit of ſo copious an addition to it as would 
be neceſſary to this diſcuſſion. And for the ſame reaſon 1 
ſhall ay nothing more of Des Cartes' s method of reſolving 
biquadratick; equations of. the aforeſaid ſeven forms, by the 
mediation. of cubick equations, and ſhall alſo decline a full 
erplanation of even Lewis Ferrari 8 method of doing, the 
ſame thing, (though 1 very much prefer it to that of Des 
Cartes,) with reſpect to all the ſeven, or, rather, ten, 

equations to which it may be applied. But yet, as this 

method is both very ingenious and very. clear and intelli- 
ziblein the reaſonings 1 on which. it is grounded, I will juſt 
gire the reader an idea of the nature of it, by applying. it to 
the reſolution of an eaſy biquadratick equation. that comes 
under the laſt of the ſeven forms of biquadratick equations | 
ſet down above i in Art. 141, to wit, the form — 4 — * 5 


m and which, (according to Mr. Montucla' $ ac- 


count of the matter in his curious and valuable Hiſtory of 
the Mathematicks,) was: derived. from a certain arithmeti- 
cal queſtion that had been propoſed. t to Lewis Ferrari, and 


the condderation of which re riſe to this moſt; A h 
nyention, 


OF 


5 t x 
ile Rs S 


or Tre | RESOLUTION or _ x BIQUADRATION 
. EQUATION OF THE LAST OF THE SEVEN | 
FORMS SET DOWN ABOVE IN ART cru, 
10 WIT, THE EQUATION „ ber + bor 
36, OR 6 b 36, BV THE ME. 

- THOD INVENTED BV SIGNIOR un EER. 
e OF BOLOGNA IN nne BY 


TO hb: ain LEWIS: waſp was 
a native of Bologna in Italy, aud 2 diſciple of the cele- 
brated Cardan, a Phylician' and eminent Mathematician 
at Milan. Ferrari had an uncommon genius for the ſtudy 
of. Algebra, which at tllat time hid been recently improved 
by the two celebrated rules” publiſhed by Cardan for re- 
ſolving certain cubick equations in which che ſquare of 
ide unknown quantity was wanting And the ability 
which he ſhewed in the profecution of this" ſtudy induced 
Bis reacher, Cardan, to have recourſe to him for his al- 
fiſtance towards the ſolution of a certain arithnietical Prot 
blem which had lately been propofed to Cardan and the 
other Italian mathematicians of that time by a man nanicd 
| John Colla, and which none of them had been able to 
ſolve, This Problem Was as follows: © © To find three 
numbers that » were in continued Proportion, or of wobich"the firſt 
was to the ſecond, as the ſecond is to the third, and that were of 
ch magnitude; that the fan of all thi three foould be equal i 
de number 16, and that the produtt arifing from the multipli- 
cation of the firſt or haft, . the * of middle og 

| 1 fhou 


53 
7 
«3: 
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to whom yr Colla propoſed this Problem, conceived:the 


ſolution of it to be impoſſible, or ſuppoſed that no num- 


bers could be aſſigned that had the three foregoing proper- 


ties, But Cardan was of a different i opinion, and thought 
that there might be three numbers that had thoſe proper- 


ties, though he was not able to ſind them. He therefore 


upplied to bis diſciple Lewis Ferrari (who was at that time 


a young man, and capable of intenſe application to ſubjects 
of this nature, as well as extremely fond of them,) and ex- 
| horted him to endeavour to find a ſolution of this Problem: 


and Lewis Ferrari yielded to his perſuaſions, and fet about 
| the buſineſs with great eagerneſs. In the purſuit of this 
ſolution he found that the Problem might be reduced to 


the reſolution of the following biquadratick equation, to 
| wit, 36 + GN T* = 60, or 60x = G * = 36, 


in which * repreſents the middle number of the three that 
| he was endeavouring to find. And therefore his attention 


| was then directed to the diſcovery of the roots of this equa · 
tion, And 1 in the proſecution of this inquiry he was ſo 


- ſucceſsful as to find a method of diſcovering theſe roots 
| which was, capable of being applied to the reſolution of 
| any other biquadratick equation whatſoever in which x, 


or the cube of the unknown quantity, is wanting, as well 


| us to that of the particular biquadratick equation 60x — 

| ber — 4 = 36, which he was then endeavouring to te- 

| fore.” The whole train of his reaſoning, both i in firſt re» 

| ducing'the, foregoing arithmetical Problem to the biqua- - 

| tick equation 60x — 6xx — x* = 36, and, aſterwards, 
in "OF 5 e method IT eas. the to. "RE 
chat 


8 


* 
"er 


tj 


1 I mall now proceed to laß eee 
e eee ee 9D dal, co. 


Tr Hinvcrioka of bur en PA 
IE TIC AI, PROBLEM TO. THE e 
TICK. EQUATION box — bax —- = 3. 


4 


* 4 * 


OI Cc XLVI. TH E mins eee Problem 
may be reduced to the biquadratick equation bow — Ga RS 


* >= F_ 05 refer as follows: : 


3 x be OM for the. "WIE of the 19 — 3 which 
are in continued proportion, 2 and of which the ſum is 10, 
_ and the 4 of * ba a of. the firſt, or leaft, 


They 1 is deren that the firſt, or leaſt, of the faid three 
warben will _ — and conſequently that the third, 


or orgreaelt of than! will 1 a 500 proportional to 255 and 
4 and therefore will be equal ro the ſquare of x aided by 
the Fraftibn — and conſequently to che ſquare of x mul. 
plied in into the reciprocal of that ee into the fraction 


S „„ 2 


e is, .to la X 8 or Gn na 5 But, by. * 


; 4 
F 


8 0 15 3; 15 
condition of the Fro lem, the ſum of all te eee. 
| hers edin. 16. e INERWEHTS aha 


vi 4 10 930 N 5 Ht : þ bs, ; 3. ? Fo 2 £ 


1 1 FX 1 - 
4; Bo 
: IF ; 79 p 5 71 75 


| ing al the terms FU 25 36 wp * + 4 2 and (fub- 
| tnting or +.x* from both 85 36 = : Gox = 8 br = 


u, or bo. — Gaz = . = 36. 


g 


| THE RESOLU TION or ; THE BIQUADR. Krick 
, EQUATION 60 — 1 —* = 306, BT THE ME- 
THOD OF LEWIS FERRARI. 


. 165 x 


art. xl vn. 1 bider to en I Shall box 
ow watt = 3 Lewis Fertari eee 2s Wee 


In the 1ſt Sil he added A to roch es of the Set 
| by which addition it became box — 6xx = 36 ＋ *. He 
| then ſubtracted 36 from both fides ; by which it became 
bor — 6 — 36 = , or * 2 60x — 657 — 36, in 
which the higheſt term + ſtands by ell e on the ke, or 

ALE of the equation, * 5 


* 


Ne 
8 


R 2 R 9 r a N 
N 9 r 3 eee 5 , 
> EIS 9 TOO 7 OATS EOE . iro q 8 * a of * GA 6 
. 7 n ) 2 125 e I Ge: 1 oe 3 Ln 00” IEP PE ML * . 
o « 1 be Fes 
a * 


erm th abe, 


Lewis Ferrari, in the e ee be . bud fuch 


a quantity as, being added to both ſides of the equation, 


would make both fades. of the new equation produced by 
ſuch addition be exact Algebriick ſquares, or be of ſuch 


magnitudes that each ſide of the ſaid new equation ſhould 


have a finite Algebriick quantity for it's ſquare-root; to 
4 the end that he might afterwards reduce the ſaid equation 


from a biquadratick equation to a quadratick equation by 
extracting the Tquare-roots of both it's ſides, And for 
this purpoſe, he choſe the binomial quantity 2nzx +. un, 


in which the letter n repreſents a quantity of which the 


magnitude is to an ws in a 0 8 88 part of the 


| | 5 , 


ey it is evident that this W 3 — 
an will anſwer the intended 1 with reſpect to , 


3 or the left-hand fide of the equation a. = box — bxx 36. 
For, if we add zur + nn to * the ſum will be T 2nxx 
In; of which the finite Algebriick expreſſion xz + 1 is 


the exact ſquare-rood. Aud this, it is evident, will be 


true, whatever be the magnitude of n; and conſequently 
be we are at liberty, with reſpect to the left-hand fide of the 


equation, to take u of any magnitude that we may think 


b proper. If therefore it is poſſible to take 1 of ſuch 4 mag- 


nitude that, if the binomial quantity. a2 + an be added 


T 10 the trinomial quantity Gox — Gar 36, or the right- 


hand Gide of the equ tion . = Go . Gxx— 36, the ſum 


thereby produced, to wit, the quinquinomial quantity 


\ GOx — Gar — 36 + 2 + nn, or an — 6x* + bor + 
n — 36, ſhall likewiſe be a PO" cn ſquare, or 
hare 


- 


449 


have a finite Algebriick expreſſion for it's {quare-xoot,. the 


quantity 2% ＋ nn, when.» ſhall be taken of that parti - 


cular magnitude, will have the property required. We 


nuſt therefore endeavour to find ſuch a value of n, (if 


| fuch a value can exiſt,) as will make the quinquinomial | 
quantity 2na* — 62 + or K „ un — 36 be a perfect 
| ſquare, or of ſuch a magnitude as to have a finite r 


brick « expreſſion. for i it's . 


2 
Fa 


FJ tri CxILIx. Now, 8 a be che 1 
| tude of n, the trinomial quantity #* + 2nxx + un will al-. 
|. ways be a perfect ſquare, of which the ſquare-root will be 


xr + th ep n ' be ae to be of ſome n Mr 
than 6. | | 


A 


Then will ni be Beater ka 36, M7 zuxæx 11 be . 
| greater than 2 N 6xx; or than I, and, à fortiori, 
| greater than 6. Therefore 36 may be ſubtracted 
| from an, and 64* may be. ſubtracted from zum, and 6 
may be ſubtracted from 2. Therefore 203% — 6 

will be equal to 23 — 6 Er and the binomial quantity | 
n 36 may be conſidered as a ſingle quantity equal co 
| theexceſs of un above 36. And conſequently, if we put 


40 for 2n_— . and bb for un — 36, the quinquinomial 


| quantity, 2 — 6 + box + un 36 will be.equal | to 
| the trinomial quantity aaær + 6ox + bb, We muſt there= 
' fore inquire, whether it be poſſible for i to be taken of ſuch ; 


i magnitude, greater than 6, that the trinomial quantity 


| aan + 60x & bb, or 21 X ax + 60s + * — 36 | 
- ſhall be a perfect Algebriick ſquare, or ſhall have a 18 


Algebri bem es phos mY it '« Tquare-root. 


£ £4 


57 4 $4 70 
4 . ? ' 
K e gs Art. 
, 7 
* 


— 


„ 
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Art: CE. Now, if. 60 was equa to Nall, the ti. 


* 


nomial quantity aaxx + box + bb would be equal to the 


trinomial quantity aa + zb. + 6b; which i 18 a perfect 
- Algebriick ſquare, of which the ſquare- root is the bino- 
mial quantity ax + b. We muſt therefore i Inquire, whe. 
ther it be poſſible to take u of ſuch a magnitude, greater 


chan 6, chat 2abx ſhall be equal ro box, | or that 2ab ſhall 
be '=' 60, or that ab ſhall be = 30, or that Ih, or ab x 
ab; or) aa X bb hall be = N or) 900, ot that 27 — U 
K 7 30 can be = 900. And, it Yhas 4 is poſſible, we | 
muſt, in the next place, i inquire, what muſt mult be the magni- 
"tude of u in Forder | to make = x br equal to 
900. 


1 7-4 
{ 
1 


x. 


* $4 x 4 ? f - e . ; , * 4 : 
8 = 2, : : : 
8 ** 3 th £ 


. CL. EY to determine the fit of theſe two 
ging, we need only ſuppoſe's to increaſe gradually, from 
being at firſt equal to 6, to greater and greater magnitudes 
| indefinitely. Then, it is evident, the | quantity 2; 2n — 6 wil 
Increaſe gradually at the ſame time from (2 * 0 —6, or 
12 — 6, or) 6 od infinitum, and the quantity un 36 will 
inereaſe gradually at the ſame time Tron. (35 — 0 o or) 
0 infrnitums. Therefore the quantity 2 246) X n n= 
will increaſe gradually at the fame time from 6 X o, that 
3 from o, ad: infnitum, and eonlequentiy; will become | 
ſycceſſively equal i to all pollible quantities, how ſmall, or 
how great, ſoever. - And therefore the ſaid quantity 
: 27 * 95 X un 36.1 will, at ſome one inſtant of time during 
ir s (aid indefinite increaſe, beeome equal to goo. There 


is therefore a certain * he n, * than 6, 
. 


7 ö 1 
. - 5 


nr 
* 


= XR A 7 * O 


Jo 900. 


N 14.019, 06 and un will be (= 10. 


< 1 555 
| wich ill make the a 5 ax ern 


\ 


And, ſecondly, to find the faid magnitude of u (which 


4 


has now been ſhewn n to be poſlible,) we muſt ſuppoſe the 8 
| quantity 27 = 6 X n — 36.0 be equal to goo, and muſt 


inveſtigate the value of n reſulting from that ſuppoſition. 


"This may be done i in the manner . 


Since TR X eo is = goo, ad"; 21 TS 


ome a perfect Algebriick ſquare, is 
the root of the cubick equation * 3un — 36 = 342. 
But this root has been found above, in Art, 128, to be = 
10.009, 803, See. Therefore n muſt be taken = 15.009, 


og, and conſequently 2# will be (=2 & 10.009,803) = 


20,019,606, and 2n 6 will be (=: TIES 60) = | 
= 109. 


58033 


196,1 56,098;809, and un — 36 will be (= 100.196, 1 56, 
98,809 — 36) = 64- 196,156;098,809. Therefore as, 
| (which is equal to zn — 6) will be = 14.019,606, and 

| 5 (which ig =. nn 36) will be = 64.196, 156,098,809. 
| Therefore a will be (= 14.019, 606) = 3. "744,302, + and b 
"RES v/64-196,156,098;809) = 2 8 012,250. | ace 
| e 5 Art. 


| x 

F m—36 is = 265 — 720 — 6nn + 216, or 205 — Enn — 
7 + 216, it follows that this latter quantity 20) — 6nn 
72 + 216, muſt alſo be = 900. And conſequently 

| (dividing all the terms by 2) 5 — 3an — 36 + 108 will 
| be= 450, and (ubtracting 108 from both fides,) a —3un 
36 will be = = 342- Therefore the required magni- 
| tude of n for che 77 urpoſe of making the trinomial quantity 
| aaxx + GO * bec 


D 
* 


_- 


1 420 


* 


Art. CLII. Shed. now that = is Pe = - 10.009;80, 
the trinomial quantity aaxx + 60x + 33 is = aaxx + 
| 2ab + bb, it follows that + +. 2nx* + aun (which, with 


any magnitude of n, greater than 6, 18 equal to zn dx 
** + Gox +: un — 36, or to aaxx + box + 3b,) will now 


| be = = aaxx + 2abx + bb. Therefore, by extraQting the 


ſquare- roots of both ſides, we ſhall have xx + 1 E ar + h, 
that is, (becauſe n is = 10. 009,803, and a is = 2. 744302, 
and 5 is = 8.012, 250) xx + 10.009,803 will be= 3.744, 
302 X x + 8.012,250. And conſequently (ſubtracting 
8.012,250 from both fides,) we ſhall have xx + 1.997,553= 
3-744» 302 Xx; and, laſtly, ( ſubtracting xx from both ſides,) 
we ſhall have 1. 997,5 53 3.744,30 X * ax, or 3. 744 
302 * x — xx = 1.997553 And thus we have at laſt, by 
the mediation of the cubick equation n* — 3n — - 36n = 
342, duced the original biquadratick equation box — 
Ger — *. ='36 to the quadratick equation 3.744302 X x 
— Xx = 1.99725 53. It now mo we s refolre thi 
{I f i | 


art. cum. Tas both Gdes of . ad 3 549 


8 . „ 4 = 1.997,553 be ſubtracted from, 3.504, 949, 
| 366,80 13 or the ſquare of 1.872, 151, or of half the num- 


ber 3.744, 302, which is the co- efficient of x- And ve ' 


hall have 3. 504,949,366, 801 = 3: 744,302 Xs + xx (= 


3.504, 949, 366, 80 — 1.997,53. = 1.507, 396, 366, fol. 
Therefore the ſquare · root of the trinomial quantity 3.30% 


949,366,801 — 3.744, 302 * K + ax, or of 1. 1.872,1517 
T7 255 744,30 K * 55 r, will be e 396, _—_ 
= TAS 1 


ry | FFF q; 


4 „ a 


Gr) 
Now this 3 quantity has two ſquare- 
wots, of which. the one is leſs than 1.872,15 1, or or 


, and the other is greater than 1. 1 or 


| FR, The former of theſe roots i 18 1 552, 51 — | 


* latter is x — 1.8721 51. Therefore we ſhall have, 
if, 1.872,151 —# l. 227,760, and conſequently 1.872, 
151 =3.227,760 + x, and æ ( 1.872,15 1 — 1.227,760) 
= 0.644,391 3 and we ſhall have, 2dly, & — 1.872, 151 
= 1,227,76ag and conſequently * 1.225,60 + 1.872, 
| 141) 3. 0995911. Therefore the two roots of the qua- 
tntick equation 3.744, 30 X * — 4 1.995653 are 
0.644,391 and 3.099,91 1; and conſequently the two roots. 
| of the biquadratick equation 60x. — Gπ — * = 36, 
| (from which the quadratick equation 3.744, 302 & x — 
= = 1.997,553 Was 0 will NEO be 0.644397 
| = Es: . 1 L 


| Art, erw. We vin now „ ſubſtitute theſe two. num- 
bers 0.644, 391 and 3.099,911 inſtead of x in the compound 
| quantity box — 6x27 *, which forms the left-hand fide 

el the equation 60x — 6xx=— x* =36, in order to ſhew | 
| that the values of the ſaid compound quantity reſulting | 
| from theſe ſubſtitutions are equal, or nearly equal, to 36;or 
the abſolute term of that equation, and conſequently that 
the ſaid numbers 0.644, 391 and 3 099,911 UTE 5 the | 

Toots of the ſaid ee e DE 


Now, in the firſt Fn if — * ede we e ſhall have 
ax (= o. GA, = 041532399760, 
FV 


con) 


e (= whe rt, > 
eee b ( 6 * 0. 475,239,760) 


| * * . 2.491,38, 5 
| at Lig bo X o. 644,392) 39.663, 46 | 
and 6ox — Ge — xt (= 38. 663,460 — 249148, 
+, 5 04172,324.= 38.663,460 _ 
78 55 — 2:663;762) = 35-999-6983; ñß 

which differs from 36, or the abſolute term of the equation: 

| Gon: — Grx-= a = 36, by only the very ſmall quantity 
o 000, 302, which is leſs than the 11, 205th part of the 
ſaid abſolute term. Therefore o. G. muſt” be very- 
nearly equal to the true value of the leſſer * 
. 80 pe 7 WH 


Bs 


* & 5,478 1 7 
4 PE 


And, frond, if x is = 7 „ 
ke (= gegr.) = g:609,448,207,927, 4 
aud = 3099910) = 92.347,494,%843, 

mM and Tenne 6X 9.609.448, 20) 
5 =, $7-656,689,24% 

"pdf tm 60 x 30994914) = 189.9466, 

| nnd Gow woah trans —* (= 185. 994,660 —5. 656,689,242, 
1 92.341, 494643 = 185.994,660 

15 | — 149998484) 35.996,47; which 
E differs rom 56, or the abſolute term of the We bor 


e is Iſs chan te 10,2 16 per -the Laid abſolute 
: term. 


tp 5.5 


tem Therefore 3-09g;911 malt be very nearly n to 
the true value of the greater erg on iquad 9 
tion bo. eg oh * + | 


- QED. 


2 LS 


An. CLV. we [ove www waa ine messe 
invented by Lewis Ferrari, tat the two rots of the bi! 
quadratick equation 60 — G 36 are 0.644,30 

and, 3.99, ii. But of theſe roots the leſſer has no rela- 
tion to the arithmetical Problem above-mentioned, from 

| which this equation was derived. Forj/ſinde'"watput = 
for the middle number of the three wich we were r- 

| quired to find, and the produtt of the multiplieation ?: 
| the ſaid middle number aud of the leaſt number wor” „ 
| poſe] to be equal to 6, it follows that the faid-mi %%% 
bebe „ 
lan 24497490, Sec, and therefore, A /ortiors, greatet than 
0.644739 Or- the leſſer roqt of the equation 6 = G a 

| —x+ = 36, Therefore the ſaid:middle number will be 

| cual to the greater root of che ſaid equation, to wit, 

399,911. And conſequently the leaſt of the faill-three': 

| numbers, which we were neee 


ö 8 86 
Arithmeti Pr blem, All be = ren ER 
| me ical ro » I | be {= 3 «099491; 898718 


$39, and the greateſt I be a ; third proportional to the” 
| irſt and Jeong bats is, to se and 5,099igut; and ; 


| conſequently willbe (= 2 — 96096438, 20740: 4: ; . 
| 1 9355339 159959539 
= 4.964, 393 ſo that the three derade e oath 6 5 
| 9355399 30999! * eee 

n Ks 


uk J. ; 


(64) 
Tbe ſum * 0 three numbers, (which-o 


ing to the conditions of the Problem to be equal to 50 
will be = 10.000, 1 89, which exceeds. the number To by 
only the fmall quantity o. o00, 189, which is leſs than the 
52,910th part of 10. The three numbers 1. 935.539 and 

10 J 35099,9t1 and 4.964, p 39 therefore anſwer the conditions 
of John Colla's e ta a "ay haves es of: 
 exdfineſs... wh gs 
ET O12 5 1 et E 


90 cx. We kind now gone nn "IN 
the reſolution of the biquadratick equation 0 Gr 
4. 36 in ths method invented by Lewis Ferrari, and 
haye obtained the values of both it's roots to a conſidera, 
ble degree of exactneſs; but not without a great number 
1 of. different proceſſes and operations, and a great deal of la- 
bur of calculation. And yet this is one of the ſimpleſt 
and eaſieſt biquadratick equations of one of the ſeven form 
ſet. down above in Art. 141, that could be pitched upon 
far an example of this method of reſolving equations of 
this kind. Iam therefore inclined to think that it will be. 
always moſt convenient in practice to reſolve equations of 
theſe forms, and, 2  fortiori, to reſolve all other affected bi- 
quadratick equations whatſoever (except the three equa- 
tions, a* +gx*= 5, 4 4 , and gr*—a4=x, which may 
ba reſolved in the manner of quadratick equations, by Mr. 
i Raphſon's method of approximation, which will be found 
Tl much leſs laborious than the foregoing method of reſolv- 
ing them. But that the difference of the two methods of 
_ reſolution in this 1 important reſpect may be the more ap-- 
; 9 I ſhall now e to 9 a reſolution of the 
5 . a 


IS 
* 
fl / 


4 


\ 


1 


=" viquadratick equation 60x, — Gap pet * 1 „ 
15 W 8 0 ng geg ee F 


- PRATICK EQUATION 6ox — 6. — xs . 36 BY 
Ms. RAPHSON'S METHOD OF APPROXIMAs 
TION, 


At. civn. SINCE s 18 the ſecond of the cher num- 
ders ſought in the Arithmetical queſtion that gave riſe to 
this equation ;—and, by one. of the. conditions of that 
| queſtion, the product of the multiplication of the firſt, or 


laſt, af thoſe numbers into the ſecond is equal to 6; —it 


follows that the ſaid ſecond number (which is greater than 
the firſt number, or other far of the product 6,) muſt 


be greater than the ſquare- root of 6, that is, than 2.449, 
400, & c. We will therefore ſuppoſe it to be nearly equal 


jo 2:7, and try whether that number will anſwer the * 
fitions | of the Problem. | 5 


Now, if # is = 275 the fiſt, or leaſt, number will be 


(s 250 . 0 = 2.222, de; ad the chird, or greateſt, number | 
vill he a third proportional to 2.222, &c, and 27, and 
| conſequently will be ( 22 3) 199 =) 


2.222, &c 2.222, &c 


3280 &c. But; by the laſt condition of the Problem, the 
"IR of the three ens ec is * We Therefore the 
ſum 


C2: 


(426) )) 


fum of 0 er nb 2.2255 Re, a tid: 46th; 80 
ought, if thoſe numbers are nearly equal to the numbers 
| ſought, to be nearly equal to 10. But the ſum of thoſe | 
- three numbers is equal only to 8.202 &c, which is much 
7: hath than 10. Therefore the | true value of 4 uſt be 
ares! _—_ wy, ; | 


We wit band's in (hd next eee it to be 


aa the con- 
| ditions of 1 ne 85 


ö 425 


06 and conſequentiy the third, or greet number 
m be (== . | = — 220 45 064. Therefore the 


| ſem of the three numbers ſought will, upon” this ſecond 


ſeppoſition; be (= 209 ＋ 2.900"+ 4% =" 92033; 


which is alt too e . a word be 3 


ee ee wt; 14 


Ve will cds in ch cid plate, 1 


. 


* 15 0 85 | . 


6 


And then IE; lat 1 have wy = 3 = 2, 5 con- 


| foquently, 0 third, or grants. (= 303 ES x # 2) 


= 4.58. e che ſum of the three ER "Pla 
will, upon this ſuppoſition, be ( 2 + 3 + 4.5) = 9-53 
which is ſtill too little, though the quantity by which it falls 

ſhort of the"nomber 10-{to' which it ey to be equal if 


the 


Now, if * = 2.9, we mal og: = = He 


SS a= aw. um wap . avs © 


<4 


049) 


the middle number 1 was ama equal to 35) is only. 


04 Therefore the true value of * muſt be a little 


greater than 3 


We vil therefore, in the fourth bes bra x 5 be : 


= 3 .I. 


And then » we hall bare 4 15 = 1.9354, and | 


conſequently the third, or — — 5 will be ( * 
u EY Thatratlants ab 
15354 © 1.9998 4:9653 1 lum of 
| the three numbers ſought will, upon this ſuppoſition, be 
(= 1.9384 ＋ 3.100 + 4.9653) = 10. oo; which is 


z very little greater than 10. Therefore 3-1 muſt be a 
little greater than the true value of the midũlle number x, 
but will be ſo near to it as to make an excellent baſis for a 
further approximation to the ſaid true value by Mr. Raph- 
ſon's method. We will therefore now put an end to our” 
E We and RR * r 
A : 


* ? 


art, CLVIIL- Let-us 3 to 1 55 
| to 3.1-— 2, and. ſubſtitute the ſaid compound quantity. . 


1 — r inſtead of & in the terme of e | 


ie — * 2 15 


Then we | that 130 (ITT I. 


= 2-10 —2X3-1 * 2 + &c) = 9.61 26a 8 
and. x. (> 2 = Jah e e 5 


at ) 


= g2ggar 4 X 29-791 * öh 
| = 92.3521 — 119.164 * 2 + Kc, RO 
13 . 
= 186.0 — bor, 


*% 


* 


ae a conſequently FAD — . _ = 3 
*186.0000=60Xz | 


| 5 186 0900600000 | 
— $7:6600+37-2Xz 1 1 out 41s 6; 8 
1 agg abt x» 5 
5 185 e 35 0175050 beter. 

LE 5 Fa Dt 669 = bee —o* . 
: Therefore 35 9879 + 96. 3640 5 2 will allo be = = 36. 


N | And conſequently. 96. 3640. X - will be (= 36. 0000 — 


35.9879) ort, and will be (= 2x22) = 0009, 050 


125. Therefore x, or 3.1 — 4, will be (= 3-100,000 — 

0.090, 125) = 3.099, 875; that is, the greater of the two 

roots of che biquadratick equation 60 — 6 — 30, 

or chat which is equal to the ſecond of the three numbers 
required to be found by the foregaing + ER Pro- 

| 0 ak be © 3099875 QE. 3 


1 
4 


| 8 CLIX. "This "oe. 2 *, to wit, 4859195 ü 

8 ſomewhat more exact than the value of it found above, 
1 Art. 283, by 1 method of Lewis Ferrari, which was 
3.099711. 


Ih 


0 9 


ag 1. For, if the nila number x be bara e 


2 3 099.875, the leaſt number will be (= 


1.935501 1 1.935,501 


| conſequently the ſum of the three a ſought will ke . 


(21.93 5,561 ＋ 3.099, 875 + 4.964, 568) 9.999, 9043 


which falls hort of the number 10 (to which it ought to 
be equal, ) by the very ſmall fraction o. 000,096, which is 


ls than the fraction a-000,189, by which 10,000,189, or 


the ſum of the three numbers ſought, as obtained by t the 
| method of Lewis nt in Art. 15 * exceeds the Laid 
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| A COMPARISON BETWEEN THE PROCESSES | 
| - USED IN THE FOREGOING RESOLUTION OF 
| THE BIQUADRATICK EQUATION 60 — 6 


x+ = 36 BY Ma. RAPHSON'S METHOD OF AP- 


| PROXIMATION, AND THE PROCESSES USED 
' IN THEFORMER RESOLUTION OF THE SAME 
| EQUATION BY THE METHOD OF LEWIS FER. 
| RARI IN ART. 147, 148, 149, 150, 151, 152, & 153: N 


Ari. CLX. WE have ſeen, in the laſt article, that the 

| ralue of x obtained by the reſolution of the biquadratick 

| equation bor — bax — x / ha 36 by Mr. Raphſon's me- 

| thod of approximation, (though only one proceſs of the 
ſaid eee Was W for che ae to wit, 

3 | the 


* 


7555475 
= 19355561, and the greateſt number will be (= 


- 3099,8751* 5 eee ge 2 4.064, 5b; and 12 5 


) 


the oumberg. 98) 9 was ſomewhat mote exact "IR 
former value of x, to wit, 3· 099,911, which was found 
above in Art. 14) 133, by reſolying the ſame 
equation by the et of Lewis Ferrari. And yet the 
labour of finding the number 3. 099,8) 5 by Mr. Raphſon's 
of method of approximation, has, it is evident, been much 
leſs than that of finding the number 3.099,91 1 by the me. 
thod of Lewis Ferrari. But this will appear ſtill more 
clearly by recapitulating the ſeveral proceſſes which were 
uſed in thoſe different inveſtigations of the value of . 


a CLXI. In reſolving the equation 60 — ber — 

=! 36 by che method of Lewis Ferrari, our firſt ſtep 

was to arrange the terms of the equation in a new man- 

ner, ſo as to bring the term x* to be the only term on the 

. firſt, or left-hand, fide of the equation; whereby i it wa 
' converted into the equation Sor eber — 36. 


28 Our ſecond Kep was to add We ſides de . 
tion the binomial quantity Zu * un, in which 1 denoted 
a quantity of which the magnitude was to be determined 
3 By this addition we obtained the equation 
„ + zur o+ mm = box — Ger — 36 + z, + un; of 
_ which equation the firſt, or'left-hand, fide, to wit, the tri- 
nomial quantity x + 2nxx + an, is a perfect Algebriick 
| ſquare, the ſquare-root of which is the. binomial quantity' 
nx + n. And this, we obſerved, muſt always be true, 
ae be che magnitude of the aſſumed number #. 


We then, in the third place, proceeded to OTA 
: what v was the lower limit. off 1 the magnitude that ought 
to be given to the numbef =, to the end that it might be 
8 298 15 the quinquinomial 1 8885 60x — Co — 
30 


GGG 


@ © ## 


8 8 7 © 


36 + zr FR n a per 

ve found that it was neceſſary that the "(aid number 
ſhould be of ſome magnitude greater than 6. We 
therefore ſuppoſed it to be of fome magnitude greater 
than 6. And henee it followed that 6zx would 'be 
leſs than 2 uu, and that 36 would be leſs than an, 
and that the quinquinomial quantity Rr — 36 + 
| 20:5 + 1m, (which formed the ſecond, or right-hand, 
| {de of the laſt equation ## + 20 + an = G0 — Ger 
| —36 + zue + mn) would then become equal to che kri- 


nomial quantity 60x + 2n—0 * we * . — 36, or 
-d x I ＋ 60x + 70 36, or, if vr püt g = a» 


( » 5 
& Algebraic ſquare ; and 


— 6, and bb = nn — 36, to the trinomial quantity agxx 


bor o+ bb, and therefore that the laſt equation x* . 
auer t un = $04 > ax. 36 K zr + nu would 
thereby be converted into the equation &. + 2145 n 
| = aaxx + 60s o+ bb, in which the trinomial quantity 
aur T box. + bb is of ſuch a form: as to be capable of 
becoming a perfect Algebraick ſquare, of which the hino- 
| nial quantity ax + þ will be the {quare-root, provided the 
quantities aa and 55 are of 9 A magnitudes) with 
| rpeck to the number . 
We then, Fey ls; proceededto 3 | 


| that we were at liberty to take ꝝ of any magnitude, greater . 
than 6, that we thought fit, and to ſhew that, if we tock 


it of ſuch a magnitude as to make it equal to the root of 


the cubick equation n*— 3un — 36n = 342, the quanti- 


t boy would be equal to aabæ, or tõ 2 * Vas - G 


I — 36, and conſequently. that the quantity aaxx + 
bar + 4b. would be equal to game o+ zabæ + bb. 


Gl 


; 449. 


And then, i in the fifth place, we reſolved the cubick 
Fee 1 — nn 36n = 342, and found it's root to 
be 10.009, 803; which we therefore choſe for the magni- 
tude to. be aſſigned to the quantity n in che equation x* + 
an * nn = aaxxs + GO + bb, and thereby (becauſe 
2abs i is in this caſe = 60x).we converted the ſaid equation 
into the equation . + 2nzx + un = aaxx + 20bx +), 
in which there was then no unknown quantity but x, andof 
Which the tight-hand nde aags + 2abx . 00 is a perſect 
Algebraick ſquare, to wit, the ſquare of che binomial | quan- 
tity. ax +, as well as the left-hand of i it, or the trinomial 
quantity N au + un, which we had before obſerved 
5 * 81 5 of the KEN 9 ar 5 6 . 85 

e ar in . Rath lu extracted the ada 
* the two trinomial quantities 2 + zur ＋ un and dart 
＋ aba + bb,' which form the two oppoſite” fides of the 


a wn x acts 


equation x*'+ 2 + n=" aakx +20þ ＋ bb; and we 
NN obtained the, quadratick equation zx + # = as & 
"+ b, of & + 10. og, 803 = ax * b, ot, becauſe as is in 
* 216 = x; X 10 009,803 — 8 — = 20,019,606 —6) | 101 
| 814-019,006, and bb is (= un 36= 10. 509, 03 N 575 
= 100, 196,1 56,098,809 — 36 = = 64. 196, I 56,098, 809 yo 
the quadratick equation K* 10.009, 803 /14-0194 
606 X * +/64-196,156,098,809,” or (becauſe 14.0 
606 is = 3.744,302, and VA. 196,156,098, 909 is 
8.012, 250, ) the quadratick equation xx ＋ 10. 009, 803 * 
3.744, 302 & * + 8.012, 50. The ſquaring the numbet tho 
nu, or 10,009,803, and the extracting the ſquare-rootss 4 


9 885 er numbers aa. 9 5 as 28 DT 9,606 and- 64- 196 
, „ %% ͤͥ ˙m 156 


1 3 
1 16,098,809, (which: are neceſſary operations to Ys com- 
pleat attainment of the quadratick equation xx . 1 
a + b, or xa + 10.009,803 = 3.744, 302 XK * ＋ 8.912, 
| 1300 are operations that make this ſixth ſtage of our in- 
reſtigation rather tedious and troubleſome. 5 


bb . 8 quadratick equation 


rr + 10-009,80 3 = 3.744, 302 & * e e e 


proper form for being reſolved; by firſt ſubt 


 2;0 from both ſides of it, which produced he ua 


m + 1.997,55 3.744, 302 X * and then ſubtracting 
x: from both . which: Le the equation 1. 997. 
53 * eee; ro hy * N = 
| And, , cighthly 3 TRL we reſolved 4. ade 
| equation 3.744, 302 X * — a 1.997,55 3, and found 


its two roots to be o. 644, 391 and 3.099,91 1. And in per- 
hrming chis reſolution it was: neceſſary to ſquare” the 5 


1 


445302 and 


| under, . 872,15 5 (which. is 5 equal to — 


likewiſe to extract the ſquare · root of the number ß | 


36,366,801, which was found to be . 23 1 


| New al theſe cight pratedſes be this reſolution of the bi- 
qudratick equation 60 — 6 — 4 = 36 by the me- 
thod of Lewis Ferrari, form a very confiderable body both 
of cloſe and cautious reaſoning; and. of. a as arith- 
netical calculation, | OW, 5 


” * f 
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Art. CLI. Now to theſe ptoceſſes we are to compare 
* proceſſes uſed in reſolving the ſame equation 60x — 
Gee = ="36 in Art. 157 and 158, by Mr. Raphior's 
method of approkimation. * TOW! renin wete as fol. 


lows : . 


„ — — n ng as 


— 


| OY op of this reſolution was to W fr 
Enos the product bf the multiplication of the leaſt of the 
_ three numbers ſought by the middle number æ was equal 
to the numbet b, the ſaid middle number & muſt be greater 


khan the ſquire-root of 6, or than 2.449, 490, &e, and, in 
conſequenee of this obſervation, to conjecture that it might 


be equal to 2., and to try the effect of ſuch a ſuppoſi- 
tion. The reſult of this trial was, that, if x was 1 8 


N to be equal to 3.7 the leaſt number would be (= 2 
. 42280 405. and che greateſt number- would "pl 


2 J 27 2.29 
847. S 2422, Kc) = 3-280 ge, and conſequently 


2] that the ſum 1 the three numbers ſought would be'= 
8.208, Ec, inſtead of being = 10, as it ought to be by the 
conditions of che Problem. And hence we concluded 
| that the _ at would be greater than 2.7. 


wee in the ſecond a, ſu ppoſed as fai middle 
aides x to be ='2.9, and tried the effects of that ſuppo- 
dition. And the reſult. was, that, upon this ſuppoſition 


3 = 2:0bg, and the 


= = X. 29 _ g. 8.41. 


8 
ps 5 


c 
4064, my that the ſum of the three numbers | 
ſought would be g:i033 z which is leſs than 10, to which, 
by the conditions of the Problem, the ſaid ſum ought to be 


qual. We therefore concluded that the ſaid middle num- 
ber muſt alſo be e than 2. 120 | | 


We then, in the third place, FERN the ſaid middle 
number to be = 3, and tried the effects of that ſuppoi- 
bon. And the reſult was, that, _ this ſuppoſition, the 


laſt number. would be. (= * 2, and the beg 


number would be (=. 3 = 2 = = ) = 45. and n e- : 


quently that the ſum of the hve numbers ſought would . 
te = 9.5 3 which ſtill, like the former reſults, is leſs than 
10, but differs from it by only 0.5. We therefore con- 
duded that the ſaid middle number muſt alſo be "_ 
than 3, but that their r eren would be 111 1 


We hal inthe fourth "Pp ſuppoſed the middle n num- 


ter x to be = 3.1, and tried the effects of that ſuppoſition. | 


And the reſult was, that, upon this ſuppoſition, the leaſt 
unber would be (= =)'s = 1 93 8 and the greateſt 


would be TOR 9.6 : 
Cee TIS e = 49653, and conſe- 


quently that the ſum of. al the three numbers would be e 
10,0007 3 which i is a very little greater than 10, to Which, 
bj the conditions of the Problem, it ought to be equal. We 
berefore concluded that 3-1 muſt be greater than the ſaid 
nadle number x, but that it would exceed it by a very - 

| | Ff2 mall 
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fmall quantity, and therefote chat übe Caid number 31 


would be an excellent baſis on which to found a further 


* 


approach to the true value of the ſaid middle number x, or 


to the root of the biquadratick ana ſows — . —* 
= 6 by Mr. Raphſon 5 method. ; 


We then, i in the fifth place, . x; to be = = 2.1 
— 2, and ſubſtituted the ſaid compound quantity 31=z 
inſtead of x in the terms of the equation 60x — G — 
a = 36, and reſolved the new equation reſulting from 


5 Fuck ſubſtitytion 3 in the 1 manner directed by Mr. Raphſon. 
And the reſult was, that z was = 0. ooo, 125, and conſe- 
ä quently that 3-1 — 2, or the ſaid middle number * would 


be 155 1 — ee = = 3:0991875. 


„ CLAM. {dow chals 3 4 Sits of the 


| go Fai numbers 2.7, 2 95 3, and 3˙ t, as probable near 


| values of the middle number & of the three numbers 
ſought in the above-mentioned Arithmetical Problem, to- 


gether with the fingle proceſs of Mr. Raphſon's method of 


approximation. by ſubſtituting. 3-1 —2 inſtead of & in the 


| terms of the equation 60 — Gaz 4 = 36, and re- 


ſolving the new equation thereby obtained, ſeem to be 
much leſs difficult and laborious in point of calculation, 
and likewiſe leſs fubtle and abſtruſe i in the reaſoning em- 
ployed in them, than the eight. different ſages, or proceſſes, 

: of the former reſolution of the ſame equation 60 — 6x: 
= x*=36 by the method of Lewis Ferrari. And'there- 
fore I think we may now fairly conclude that Mr. Raph- 


| ſon's method of reſolving. biquadratick equations by ap+ 


| mes is very arg to p.be IO. in practice at 


leaſt, 


. RS. oO Mo eo, 
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leaſt, to the method of Lewis Ferrari with reſped t to all 
biquadratick equations of the ſeven forms ſet down above. 
in Art. 141, and alfo of the three forms ſet down in 
Art. 142, that is, with reſpect to all ſuch biquadratick 
equations as are without the term * or ey cube _ the k 
t en 5 


Art. CLXIV. And, if b the aforeſaid method of re- 
ſolving equations of this kind by approximation accord- 


ug to the directions of Mr. Raphſon deſerves to be pre- 


ferred ts the other method of reſolving the ſame equa- 
tions invented by Lewis Ferrari, it ought, 2 fortiori, tobe 
preferred to the obſcure and ſubtle method of reſolving 
equations of the ſame kind that has been'given- us by 
Monſieur Des Cartes in his Geometry. And therefore I 
think it may be confidently affirmed that, Whenever we 
have occaſion to reſolve a biquadratick equation of any of 


the aforeſaid forms, or in which the cube of the unknown 


quantity is not contained, the beſt method that can be 


taken for that purpoſe will be to find, at firſt, a tolerably : 
near value of the root ſought by a few conjectures and 


| trials, made with ſmall numbers, conſiſting only of one or 


two figures each, and afterwards to make a nearer ap- 


proach to the true value of ſuch root by one, or two, or 


more, proceſſes. of Mr. 1 method of 1 ; 


xy 


4 Cuxv.. And, "ir the faid 1 581 of | refoling 
quations by approximation in the manner taught by Mr. 
Raphſon deſerves to be preferred to the methods of re- 
| why, biquadratick equations invented by Lewis Ferrari 
| Ff ; | 000 


5 


„ ( 438 ) 
nnd Nonbeur, Des Cartes with reſpect: to ſack of thoſe 
equations as are without the cube of the unknown quan- 
tity, it muſt, à fortiori, be preferable to thoſe methods of 
reſolving biquadratick equations of other Kinds, or that in- 
volve in them the cube of the unknown quantity 3 becauſe 
| thoſe other biquadratick equations cannot be reſolved by 
the methods of Lewis Ferrari and of Des Cartes till they 
have been, firſt, reduced, by ſome of the ſubſtitutions men- 
_ tioned above i in Art. 143, to ſome of the ſeven forms men. 
_ tioned. in Art. 141, in which the cube of the unknown 
quantity is wanting ; and theſe reductions require a good | 
deal of calculation, and much increaſe the length and trou- 
ble of reſolving them by: cither of thoſe methods. There- 
fore we may conclude chat, in the buſineſs of reſolving bi- 
Auadratick equations, it will always be more convenient to 
' have recourſe to Mr. Raphſon's method of reſolving them 
dy approximation, than to attempt the reſolution of them 
by the methods of either Lewis Ferrari or Des Cartes, 
. whether the ſaid equations do, or do not, involve in them 
' the cube of the unknown quantity; excepting only the 
| three equations «* + 4% , n — g = 5, and gx* — 
e ee ee manner dee 
ö tick e ple 1 | 


| 1 CLxvi. EY is true 3 that the knots of 
| Lewis Ferrari's method of reſolving biquadratick equa- 
tions in which the cube of the unknown quantity is want- 


5 | | ing, have been extended by Dr. Waring (the learned Lu- 


cafian Profeſſor of Mathematicks inthe Univerſity of Cam- 
bridge, ) in his Maditationat Algebriicæ, page 92; and likewiſe 


mm 


1 85 W e Thomas Simpſon of 


1 J 
— 


if 49 ) 
Woolwich Academy, in the 6th edition of his ls | 


editions, but not in the firſt edition of it,) to biqua- 
dratick equations that have all their terms compleat. 
But the labour of the calculations that are required 
in ſuch a method of proceeding is, ſtill greater than 
hi of, firſt, reducing a biquadratick equation of that 
und to one of the ſeven forms ſet down in Art. 141, and 

afterwards reſolving the reduced equation by the rules of 
Lewis Ferrari's method. . I have tried both theſe methods 
of reſolving thoſe compleat equations, in the caſe of a bi- 
; quadratick equation that not only had all it's terms com- 
pleat, but which had four real and affirmatiye roots z 
| which is the mot intricate and difficult form of biquadra- 5 
tick equations that can be conſidered: and therefore 1 can 
ſpeak poſitively on the fubject. And, from the experience 


FFV 


mend it to my readers, whenever they have occaſion to re- 
ſolre a biquadratick equation of any kind (except of the 
three forms above-excepted, which may be conſidered as 
quadratick equations,) to have recourſe at once to Mr. 
| dne 8 method of 1 n * A e noon 


Art. CLXVIL. Before I quilt 8 tubes of biquadra- 
tick equations, I will give one more inſtance of the reſolu- 
ton of one of theſe equations by the : foregoing method of 


the unknown quantity, and therefore will afford an exam- 

ple of the reduction of one of thoſe biquadratick equations 
| wanne lown.ab EOSIN} HS 
f Ff4 | the 5 


bra, page 160, (and, I believe, in ſome of the former 


have derived from theſe trials, I will venture to recom- 


- 2 55 at £ 


Lewis Ferrari and that {ball be in the caſe of an equa- = 
| tion that involves i in it the ſecond term pi, or the cube of 


( 40 


the above-deſcribed proceſſes of Lewis Vehikits Hakata © of 

reſolution can be applied to it. And the equation I ſhall 

chuſe for this purpoſe ſhall be one that may be derived 

from the ſame. Arithmetical Problem, propoſed by Jobn 

REN Calla, from which. we derived the foregoing biquadratick 

i; equation 60 '—' 6xx — «* = 36' which has been the ſub. 

8 of the ſoregoing articles. We will therefore now re- 

ſume the conſideration of the ſaid Arithmetical NO, 
28 1200 another 0 108 66G 


nie.. 996 oe op 
hen SOLUTION. OF THE ABOVE-MEN. 

- TIONED ARITHMETICAL PROBLEM, THAT 

is 8 WAS PROPOSED T JOHN COLLA, AND 
n THE FOREGOING: BIQUADRA. | 
TICK" eh os OP bn ON. = LY 


> ves eln. LET the leaſt of the three numbers 
oak are in continued proportion be denoted by the letter 
x, inſtead of the ſecond of thoſe numbers which was fo 
denoted in the former ſolution *, this Problem. 


* 


. fince the product of the multiplication of the fr, 
dor leaſt, number into the ſecond number is, by one of the 
. | inp angry of the Problem, equal to 6, it follows that oy 


| : | ſecond nuraber muſt be = * Spa at WP 


f Fes e of th Fabre the . or 
bas, er is a third Proportional Some firſt and ſe- 
„ 1 1 ; cond. 


WY . 1 
| cond. - Therefore the faid greateſt number muſt be equal.) 
to the Tapas of the ſecond number — — a. vided by the firſt | 


mnher 45 and d conſequently muſt bee = 2 . 


\ 5 . , 
| ; ; x © 877 * 5 


But, by the third e of 3 problem, the FO of 
theſe three 1 will be equal to 10. Therefore we 
hall have & + — + = 1 = 10 3 and conſequently (mul- 


þ dplying all he terms a af Nat + ber +36 = 104%, and 
— * + Gzx from both ſides, ) 10* — 4 — G. 
= 36, or — #*+ 10 Ga 36. Therefore, in order 

o ſolve the foregoing Arithmetical Problem, it will be ne- 
| ceſſary that we ſhould reſolve the biquadratick equation 
or — [ Gxx = 36, Gone + 10x? — Gx 36, 
| which involyes | in it Kat 5 of the Unknown: Oy *. 


* 


9 * 2 
7 * : % 6 p + 
4 * Kos I > \ | - : v 
* * * * ” a 1 
$ op : 5 
p 7 — - CT ——— P-- 
. - 5 — * 1 
, * - ” 
. , F, oo * ; 1 ; » 


OF THE RESOLUTION oF THE BIQUADRATICE 
EQUATION 10. — 4 — 6 = 36 BY THE 
METHOD OF LEWIS FERRARL _ 5 oy 


at. CLXIX. * this equation 109” — x — b, N 


= = 26 the value of x mult be leſs than Ed or 2. 15 "For, 


lnce the product of che multiplication of the firſt and ſe- | 
cond of the three numbers-which we ate ſeeking is only 
| equal 


( 462) 
equal to 6, it is evident that 4, or the leſſer of thoſe two 
numbers muſt be leſs than the ſquare-root of 6, or than 
2.449,490, &c, and conſequently, a fortiori, leſs than 2.5, 
1 25 which is greater than 2. e 8 It will therefore 


de equal to the exceſs of 2. 55 or 755 above ſome other 


| quantity, which we wil call 55 or to the compound quan- 
| aig . . 


"Maw let this anti 4. oy — 5 be ſubſtituted inſteadof 
| e eee 10 — x* — bx OG N 
een in che Nee e 3 


5 ee eee eee 

Xx (= F X 2. 5 X ＋ ) 6. 2555 L ) 
and ( 2.5 =) Sh = 2.5 —3XBWX3 + ZX2-5X H= 

= 22 — 3X 6:25 xf 7-539 eig 62g 18.759 


+ 7- 9 2 pi 
and * (=2.5— 2 KN 


5 1 X 16.625 X y+6Xb.25 
X yy — 10.0 * 5 + = 39-9625 — 62.500 £54 
27850 X gy = 100 & N f. 5 


| Therefore 10x? will be (=10XT5 525 1 DIET. EY 
= 10 X 15.625— 10 X 18.759 +10 X 7-599 = 10XF) 
= 156.25 — 187-59 + 7539 — 209", 0 
and Ga eure Tee — 6 


* eb + by, 
and 


( 443 ) 


| and conſequently 205 — bre. will be = |) | 
„ 156.25 — 187.5 x 5 + 759 — 10% ng 
res- EI. N 
— 39.0625 + 62:500y — 37-5099 + 109? eg 
| = (OE Wigkamy's og Y 


But 10% — Gen is = 36. 


m 79.6875 — 95. 00% + 31. oy = wil alſo 
be = 36. And conſequently (adding 95.009 + * to 
both fides,) 79-6875 + 31-50yy will be = 36 + 95.009 
+ y*, and (ſubtracting 31. cy from both fides,) 79.6875" 
vill be = 36 + 95-00y — 31. 8 ＋ y 4, and laſtly, (ſub- 
tracting 36 from both ſides,) 43-6875 will be = 95,005 
31.50% + „, or y — 31. Sy + 95-009 will be = 
43.6875, or * — 31. 5 + 95% will be = 43.6875. 
And thus we have now converted the firſt equation 
10: — G — * = 36, which involved in jt the cube of , 
| the unknown quantity x, into the equation 5 — 31-50 
 +95y = 43-6875, i in which the cube of the unknown 
quantity y is wanting, and which therefore is capable of 
being reſolved by the method of Low. FEAT, 


rt. CLXX.. To weg this TT — 31-5099 | 
199 = 43-6875 by the method of Lewis Ferrari, ve 
| muſt add 31.50yy to both fides of the equation, by which i 
ve ſhall obtain the equation y* + 95y = 43-6875 + 
31.50% 3 and we muſt won uberech, gap from boſſes, | 
| by which means we ſhall obtain the equation y* = 43. 
* + ade or H 1 9Y: 7 * 

5 66755 


(44) 5 
6875, in which the term 5“ ſtands by itſelf on the left. 
hand ſide of the equation, as it ought to do in order to 


prepare the equation for the * operations of this 
5 1 5 of reſolution. | 


In the next place we od add the. bem; quantiy 
2nyy + un to both ſides of the laſt equation y* = 31.5cyy 
— 95) + 43.6855. And we ſhall thereby obtain the 
equation y* + 29 +74. LION — 059+ 43 6875 
+ 2% + un, in which the trinomial quantity 3 + 2nyy 
+ un, that is on left-hand fide of the mark of equality =, 
is a perfect Algebräick ſquare, of which the bci 

| quantity ” 155 is the ſquare- root. ** he value of the af- 
fumed quantity n remains ſtill to be determined: but, 
Whatever it's value is, the binomial quantity Jy + vil 
equally be .the exact ſquare-root of the trinomial quan- 
tity r n + nm. | 


1 „ W Sr ___ A ways nw Fay —_— 


In the third PRA let aa : be put = = 25 1 31 505 and 
fene put a ee e 43-6875. | © pgs | 


Fe 


Then will the ' quinquinomial e 31. 50 — 959 
: + 43: 6875 + 2nyy + nn (which i 18 equal to 2n+31-50) 
* zy — 959 + nn + 43.6875, be = aayy — g5y + U; 
and conſequently the equation * 4 2j ＋ un = 31. 

| Soy — 95y + 43-6875 + 20% + n will become . + 
„ OO 1 

In the bun vids we muſt endeavour to wet the 
quantity n of ſuch a magnitude (if poſſible) that'2a6 ſhall 

be equal to 95. For, if that be once effected, we ſhall 
„ N 0 | „ 


t „ 


have 57 + 20% T un = acyy — 2aby- ＋ 36; in which 
equation the trinomial quantity aayy — 2aby + bb, which 
forms the ſecond, or right-hand, fide of the equation, is a 
perfect Algebriick ſquare, (to wit, the ſquare of the reſi- 
dual quantity ay — 6, or of the reſidual quantity b — ay,) as 
well as the trinomial quantity y* + 2% + nn, which 
forms the left - hand ſide of the equation: and conſequent- 
ly, if this can be done, we ſhall be able to reduce the equa» 
tion from a biquadratick equation to a quadratick equation 
by enen the 0 8 of both it's ſides. 


1 % 


. clxl. Now 2ab will be = 55 ha ab; 1 
" and aabb i is = * But aabb f 18 = 2n + 317. 54 * 5 


| m + 43-0875 = bo + 31-500 + 2737805 + 1376. 
N Therefore 2ab will be = 953 when 25 + 31:5 | 


+ 87 37 50 + 1376. 8525 is 3 2 or to 2 


as, or to 2256. 25, or when 15 + 15. 75 I 43. | 


68754 + 688. 078,125 i is = 1128. 125, or when 1 5 15. 
15an ＋ 43. 6875 is = (1128:125 — 688.078,125, or) 
440.046,855, Now this is evidently a poſſible equation; 
becauſe, if we ſuppoſe n to increaſe gradually from o d 
infinitum, each of the three quantities n?, 15.75m, and _ 
| 4368759 will at the ſame time increaſe gradually from o 
ad infinitum, and conſequently their fum, or the trinomial - 
quantity n* ＋ 15.7597 + 43687 fn, will alſo increaſe 
| gradually'from © ad infinitum, and conſequently will, dur- 
ing it's increaſe, become ſucceſſively equal to all quanti- 
lies whatſoever, how ſmall or how great ſoever; and there · 
1 | CO ES. 


ps — YU 


cv 


* 


day — 2aby + bb, and conſequently, (extraQing the 
+ ſquare-roots on both 7 y +n=ay—b,orb—a, 


( 446.) 


fore it my at ſome inſtant of time during it's ſaid 5 increaſe, 
become equal to the quantity 449-046, 875. We muſt | 
therefore now reſolve the cubick equation * 4 15.75nn 
"+ 460875 = 440.046,875; and take the number » 
equal to the root of this equation; and then we ſhall haye 
2aby = 95y, and y* + 2nyy + nn (which has been ſhewn 
to be equal to aayy — 95 + bb) will be = aayy — 2aby 
+ bb. Now this equation 1 + 15.759 + 43. 6875 = 
440.046, 875 has been reſolved above in Art. x3i and 1 32, 
and it's root has been found to be nearly equal to, but 
= ſomewhat leſs than, 3.760. We muſt therefore take 
2 = 3.60, and then we ſhall have y* + 2nyy + mm = 


—— as ay is greater or leſs than b, or y + 3 760 

= ay = b, or 5 — az, ann as 9 55 _ or leſs 
e b. i ; 
1 Art. cLXXII. We muſt next t compute the values af 
a and 5. 15 


dirs e ws | is = 21 * 31. nk Bis = mm + 4 
- 6375, and n is = 3.760, we ſhall have aa (= 2 X 3.760 

4 31-50 = 7-520 + 31-50) = 39-020,”and bb (= 3-760 | 
4 43-6875 = 14-1376 + 43-6875) = 57-8251, and con- 
ſequently a (= x/ 39-020) = 6.246, and b (=4/57.8251) 

= 9.604\ Therefore the laſt equation yy + 3.760 = ay 
2, orb — ay, according as ay is greater, or leſs, than 
, will now be converted into the equation yy + 3-700 

= 6.246 K y — 7.6049 or 5.604 — 6.246 + 5, accord- 
30g 4 as nn X- yis greater or kſs than 95.604. We muſt 
PRs 


( 


than 7.604. 


Art. CLAXIN. New 6.246 X 5 will be FORO 


therefore inquire, whether 68 xy is n or leſs 


ess, than 7. 604, according as y is greater, or leſs, than | 


7 =, 0 or 1. 217. We muſt therefore 1 whether 


5.6 greater, or les, than 10 


Now, if y „ 958 . we ſhduld have y = = 1-481; 


31-5 X 1.481,089) = 46.654,303, and yy (=95 X 1.217) 
= 115.615, and y* — 31.5% + 95) (= 2.193.361 — 
| 40.654,303 + 115. 615 = 117.808,301 —. 46. 654303) 


W than the true value of y in that equation. There - 


To 7 * . , ne 
| bs 


We ſhall 8 have + 2 2 3 or y + 
3700 = 9. 604 = 6. a46 X y. And conſequently, (adding 
6.246 X y to both ſides, ) we ſhall have yy 4 6. 46 & 5 
| + 3-760 = 7.604, and (ſubtracting 3.760 from both 


- duced the biquadratick equation y* — 31.539 + 959 
43 — 55 to che quadratick n ” + ant X y 


; obq, and y* = 2,193,361, and conſequently 31.53y (= 


= 71.154,058. But this number is much greater than 
the number 43.687 5, or the abſolute. term of the equation 


5 — 31.5 + 95% = 43:6875. Conſequently 1.217 is 


| fore 6.246 N y muſt be leſs than 7. 604, or ay muſt be leſs 
than ö. Therefore the ſquare · root of the trinomial quan- 


Hd 


| des,) yy + 6-246 X y = 3-844. And thus we have re- : 


NE. 


” 448. 1 - 
1 a 'T his quatrtck equation n. muſt n, 


We. lad: 
F- . | An. cl xx IV. To o both Gdes of eie ION 
1 Gen 35 + 6.246 X y = 3.844, add 3.4235, or the ſquare 
ö | of half the co- efficient 6.246 of y in the ſaid Equation, 3 
| And we ſhall have yy + 6-246X y + a (= 3844 + | 
32 = $844 + 9.753129) = 13-597,129. There 
fore (extraQing the ſquare-roots of both ſides,) we ſhall | 
have y + 3123 = 3. 687, and (ſubtrafting 3-123 from 
both fides) ) A s o. 864. Therefore che root of the biquadra 
tick equation b ag 3 * 2 6 99. = * 43-6875 1 85 42 = 
oe: OH ; 
| 4 7 Iq 459 gf” * : ? 
| eee xz or WP" — TA or 2. 2.500 - — * , will 5 55 | 
Ee 2:500 — 0.564) — 1 936 that i is, the root of the firſt . 
IR 7 _ 10 — bx 4 = 36, or the leaſt of the | 
three numbers in continued proportion which, in the 5 
FE Arjchmeribal Feng: above· mentioned, we are required i 
zZ a 5 V l I. 1 
Art. CLXXV. Since the firſt of the three numbers 4 
bought pg found to be 1. 936, the ſecond will be [7 
PSY = 3 099, and the third, or 1 0 of them 6 
| = 1 T8 4 e 593.80 3 ; N a ſe 
ant = 936 op 227 936. * 4 1958.” aig 
) numbers 


aumbers will anſwer the 8 of the P 


| + 4-955 ew = 9:99%- wh, is 


Me F Fo The 5 4 


1036 inſtead of & in the compound quantity 10 — 6 
=, we ſhall find that the reſult will be pretty nearly 
| equal to 36, or the abſolute term of the equation 10 


bas bannen x = 7 


H 


— 


For, ir 1 = ar labs ye Harb e 793 09 = 


10 X 7.256, 313,856) = 72.563, 138, 560, and 104 — 
ber — * (= 72. 563,138, 860 — 22.488, 576 — 14.048, 


1368750 = 440,046,875 (upon which the ſubſequent 


puly to four mow of figures, or to be = 3: page 


py 3 


tdlerable degree of exactneſs, their ſum 1-936. +-3.009. 5 
3 W. "ny | 


- 
— Mz * 
> Sk 2 
_w_ 


4 Is crete: FED ir we - ſubſtitute the nice | 


ber 4 = 365 by dee e , P e b 


5 1148,096,- pt 5 = 9361) = 1 256,313,856, and : 
# (= T:930*) = 14.48. 223.625,10, and conſequent- 
h xx ( 6 & 3.748, 096) = 24.488, 576, and 1020 . 


| 124,625,216- = 22-5631 38, 560 — 36.5 36,799,625, 216) 
36.026, 338,934,784 3 which exceeds the abſolute. term 
46 by only the ſmall quantity o. O26, &c. or about the 

| 1384th part of 36. This is as great a degree of exactneſs 

| ought to be expected from the foregoing reſolution of 
the equation 10. — Gx# =» x* =.36, becauſe the value of 

y or the root of the eubick equation 1 +. ＋ 15.77 u + 


pperations of the foregoing reſolution depend,) was found | 


or f N 1 Ari, — * o 
X . ; 3 
1 x 


( 450 a 


2 elxxvn. We have now compleatly gone through 
hk reſolution of the biquadratick equation rox3 — 6, 
= x* = 36 by the method of Lewis Ferrari; which has 
been longer and more troubleſome than the reſolution o 
© . the former equation 60 — 6xx — * = 36, becauſe 0 

the neeeſſny we were under of getting rid of the eube o 

the unknown quantity æ, or of converting the equation 10 
| 6 — a* = 36 into the equation y* 31. «539 + 99 
. 6875, before the method of Lewis Ferrari could be 
applied to it : and this converſion of the firſt equation into 
the ſecond (which was performed in Art. 169,) required 
ſome tedious ſubſtitutions and reductions. And i in the 
ſubſequent part of the reſolution there was alſo another 
difficulty that did not occur in the reſolution of the for- 
mer equation 60s — b — = 36 by the ſame method 
of Lewis Ferrari; namely, the neceſſity of determining 
"whether ay was greater or leſs than 5, in order to deter. 
mine whether ay — b, or b'— ay, Was the ſquare-root of 
the trinomial quantity aayy — 2aby + 6. 80 that, upon 
the whole, I coriceive that the reader will have found the 
| foregoing reſolutivn of this equation a very tedious and 
woubleſome piece of calculation. But by Mr. Raphſon's 
method of approximation we might have found the root of 
dis equation to the ſame, ora greater, degree of exatt- 
Heſs with a fourth part of the labour employed in the 
|  forsgoing reſolution. This 1 ſhall now endeavour to 
make appear by exhibiting * à teſolution of this Tame equa- 
Yioh 1633 — G — 1 5 36 pg by nay 

| ſa mobo; e 


— 0 Pin 


A RES0- 


/ 


A RESOLUTION Vor "THE BIQUADRATICE 


RAPHSON'S METHOD or roch. 


IO. 


4. CLXxVm. SINCE ii the leaſt of the three num- 


bers ſought in the above-mentioned Arithmetical Problem; 


id, by one of the conditions of the Problem, the pro- 
luct of the multiplication of the leaſt of theſe numbers by 
the ſecond is equal to 6; it follows that tlie leaſt number 
x muſt be leſs than the ſquare-root of 6, that is; than 


2.449,490, &c, We will therefore, in the firſt place, ſup» 


poſe it to be = 2, * and try the reſult of this e 


Nod; 1 x, or the leaſt Pg is = 2-3, ; the ſecond 


number will be (= __ = 15) = 2,608, and the third, 


ebene, number will be (= 2" Eq) 


2.957 z and conſequently the e of the three numbers 
vill be (= 2.3 + 2.608 + 2.957) = 3.865. This is 
much leſs than 10. Therefore the leaſt number æ mult. 
de ee leſs than 2.35 to the end that the ſecond. 


bea i = ©} may be grouer than before, a 
| tle greateſt, (lich! is a third proportiankl to x and = 
Z 81 N and 


(42 ) 


and therefore is = 2 9 may likewiſe be greater than 
1 and that 8 ſum of che three may be nearly equal 
to 10, We will thereſore, i in the ſecond place, ſuppoſc x 

1 to be = fle and 4 05 reſult of this ſuppoſition, | 


"Now, if * is = 250 we mall have — = (=): = 2, and 


6 
(= . * 45 ; and. conſequent the lin of 


the three numbers. *, 85 , and 32 925 will be (= 2 + 3 =D 


4s) = 9.55 which, as well as As former reſult, i is leſs 
than 10, but Falls ſhort of it by only 0. 5. We will there. 

fore, in the third place, t n — & 19 7 and Foy 
"yy W of ing e 5 ; 


«No? 


Now, if * is = =1 1.91 we e man der — (= . 


1.97. 
S 339L. 22 36 5 N 5 5 
ee (=Sx © x n 
— 3 eo 9:966, 9:966,649) — = 5.245 3 
> Is 73.5 1.9 1.9 ; 
e de ee; the fam of the bro number will be 
- (= 7.900 + 3.157 + 5.245) = = 10.302 z which is greater 
chan 10. Therefore 1.9 muſt be a little leſs than the 
true value of &. But it will be near enough to it to be 
made the baſis of a nearer approach to the true value of 
, or the. root of the. equation LOX? — Gee — = 305 by 
*. e s method of Raton, 180 


" 5 1 * * - ere x © * : f 25 : 
i 1 3 3 
% * Ther - * 


4 . * + 
* \ » 8 5 > * % ' Art. 
1 . „ i a 
* / * * * ; * - 


f 


(483 ) 


terms of the equation, 10s? - — - Gr — ot = 55 36. 


Then, * = 1.9 + 3 
(= 1.9 +2, a 1 K + & = 159 


+38 * 2 + &e) = 3-61 +. 3-8 * 2 os my 
ud (1.9 + JÞ 3 X 10 X z + &c 5 
| = xz ere Ker: +10.83X2+Kc) 
6. 859 +. 10.83 X 2 + Ka, 3 5 * 
9 T I +47. 0 * 3, ie wa 
Ig. +4 * 6.859 x2 + & {gh 
=1.91* + 27.436 X z + &) 


; ? * . 
. =13.0320 * 27- 436 > _ * „ a. Sn bu, 
* * 5 * I 1 
ltc ved TE __ 8275 93 — THO een) 


Abetetore or i be (= 10 x 7 959 7 7683 Jr Te 


10d.3,X x oF Gs. ; r 

and 6xx vill be 4 x T7 E vs ; ** 2 1 —of "BY 
26 X 3.61 + & 3.8 & ts 
txt; 6 + 22.8 * 2 "he ac, 

| and tern 100 — 647 = — 4. will be = 

68.39 +. 108.3. & * + Ge. 

Ae == 24.06" — 22. * il 

1 8 — 13 6347 ＋ 25. 436 * 2 — ** 8 15 


4 . 
1 79 Duin 8 1 £45 12 1 22 613 i 9 8 sg * oÞ. N 
* „ 8 : 


4. XXIX. Let vs therefor | 1 oſe I to keg = 


a ot LAGO e 
f | 


* 


5 


. be conſidered as 0 equations, and eyen 


e456 2 


658.5950 + 108.300; X 2+ &}J 
14 50. 236 X 2 — &, 
S 33.8979 + 38.064 * 2 r 


But 10x b — 1 is = 36. 


Tberetore 33-8979 + 38. 064 * 2 will allo be = ='2. 
44 conſequently 58.064 & 85 (= 36 — 33 8979) 


. 11021, and z will be = =: = = 0.036, Therefore 


x, or 1 97 2, will be (= 1.9 + 0.036) = = 1936; chat 
is, the root of e e ee 26 wil | 
de 9 0 : 

*. 855 8 I, 


And thus 9 Fe” the. . 5 biquadratick 
equation 10x39 — 6xx —-#* = 36, by only one proceſs of | 
Mr. Raphſon's s method-of approximation, to the ſame de- 
gree of exactneſs: as it was faund by the former long reſo- 
lution of it by the method of Lewis Ferrari, which was at- | 
| tended. with ſo many. difficulties and ſuch a quantity of 
calculation. And from this and the- former examples of 
e great uſefulneſs of this method of reſolving equations 
by approximation, I preſume my readers will be ready to 
Joan with me an concluding generally, that, wheneyer there | 

is occaſion to reſolve a biquadratick equation of any form, | 
whether it: does, on does not involve in it the cube of the 
unknown. quantity. (excentivg only the: three. equations 
* ＋ 4. = oo at = * 5, and ge * = 7 which 


whenever 


* 


0 


- 


vbenever there is aden er reſolve a eublck equation * 
any kind, except the cubick equation-y3 + gx ==; ; which 
comes under Cardan's firſt rule, and the cubick equation 


7 — 5 


is greater than £4 3 77 


comes under Cardan's 3 mia it will bene e found 


moſt convenient and en to "A it 1 we me- 
een ee e 1 Ny POLLED 


. 


Art. cLXXx Aa to anda of ier de Si hi 


| lquadraticks, no accurate methods of refolving them have 
jet been diſcovered; and therefore in theſe equations it 1s 
FE :bſolutely neceſſary to have recourſe to the methods of ap- 


proximation to aſcertain the values of their roots. And 
of all theſe methods I conſider that of Mr. Raphſon as the 


| moſt convenient. And therefore I ſhall here reprint a tract 
pon this ſubject which I publiſhed about three years ago at 
| theend of a large volume in octavo (containing ſeveral uſe- 


ful mathematical tracts, ) that is ſold by Mr. White, book- 
fler, in Fleet Street. The title of this tract is as follows; 
0}fervations on Mr. Raphſoms Method of reſolving Aﬀefted 
Equations of all Degrees by Approximation ; and the principal 
ſiject of it is to facilitate to beginners the underſtanding of 


Mr. Raphſon's own treatiſe on the ſubject, and to remove 


lme difficulties that may occur to them in the peruſal 


of it, and which ariſe chiefly from Mr. Raphſon' s having 
un ſome of his Problems, adopted the obſcure and perplex- . 
ung doctrine of negative quantities and negative roots of 


equations, and made uſe of the ambiguous and myſterious 
anguage which that doctrine natyrally introduces: and 1 
| 4 ET 


, or 5 is greatet than . which 


uo 


Which compariſon is, that I. conſider Mr. Raphſon' s me- 
thod of reſolving them as, upon the whole, more conve- 


ſiary to ſay any thing further on this occaſion, as the reader 


ing Diſcourſe. And Fn Lb * en an 655 to 
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"A alſo endeavoured to compare Mr. Raphſcn' s method 


_ of reſolving equations by approximation with that of Sir 
Iſaac Newton, (from 'which it differs but little,) and to 
form an eſtimate of their reſpectite merits; the reſult of 


nient than that of Sir Iſaac Newton. And prefer it in 
a ſtill higher degree to the methods of reſolving affected 
equations by approximation recommended by Monſieur de 
Lagny and Dr. Halley. But of this ſubject it is unneceſ- 


will find all I have to offer upon it ſet forth in the ſollow- 
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Art 1. «Ta N 5 foregoing Tract Flats given 2 be, | 
fil explanation, of Monſieur de. Lagny's Method. of 


Etrating the Roots of Numbers by Approximations 5 
and Þ have likewiſe mentioned Mr. Raphſon's more ams? 


ple and eafy, though leſs exact, method of performing 
the ſame thing. But both theſe methods may be applied . 
to the reſolution of all forts of. equations, thoſe which are. 


alled WI er, 7 or in Linh the ee in". 
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aplanation. It was introduced by rhe celebrated Vieta, the grent u- 
ber and reſtorer of Algebra. He has many expreſſions peculiurins|- 


linſelf; and which have: en by: W Algetraitte... 85 


MR. RAPHSON'S METHOD pb 
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| tity occurs in more than one term, as well as thoſe which; 

are called | pute equations, orin which the unknown quan- 

tity occurs in only one teim, and which ar reſolved by 

the mere extraction of the roots s of given numbers. And 
In 


Amongſt theſe Ate the following ones,—He calls à ſﬆ of quantities.in 
continual geometrical proportion, (fuch as the quantities 1, x, &, x3, 
44, x5, 45, #7, &c,) a ſet of ſtalar quantities, or magnitudines ſcalares 
and, when there are ſeveral of theſe ſealar quantities connected with 
each other by the ſigus + and —, or by Addition and SubtraQtion, 
(as in the compound quantity a5 ＋ ar! — x3,) he calls the higheſt 


| quantity, or _ which is fartheſt i in the ſcale of quantities Iz &, 42, 


x3, &4, x5, 46 5 *, Ke, (to wit, the quantity *? in the ſaid compound 
quantity #5 o+ ax+ =. the power: of the Fundamental quantity x; 
or of the ſecond term in the ſaid ſcale; and he calls the lower ſcalar 
quantities, which are invelved in the ſecond and third terms of the 
nid compound quantity æ&² ar“ ="Px3, to wit, the quantities x4 
and 3, (or, in our preſent language, the inferiour powers of x,) ſcalar 
quantities of a parodic degree was, or the power of the fundamental 
mat . This word parodic I take to be derived (though View 


; dbes not tell us ſo,) from the Greek words wegs and Oy which Bgnify , 


Sara a way, or road, becauſe theſe inferiour. ſcalar quantities, x? and 
«+, lie in the way as you paſs along in the ſcale of the aforeſaid quan- 
tities 2, æ *, *, x+, 45, 46, 47, &c, from 1 to x5, which he calls be 
power of x in the ſaid compound quantity 45 + ar⸗ — x3, Theſe 
inferiour ſcalar quantities 43 and x+ are therefore farodic, or fituatedi in 
the tuch 10, or ate /ealling lo, the ſaid power, or higher | ſcaKir quantity, 
45. He then proceeds to define a pure ſoruer and at affeftett power, and 
. tells us, that a pure Poꝛuer is a ſcalar quantity that is not affected with, 
or mixed with, any parodic, or inferiour ſcalar quantity, and that ar 
| affeBed poruer is a ſcalar quantity that is mixed, ot connected by Addi- 
tion, 8 Subtrection, with one, or more, igſeriour, or parodie, ſcalar 
| quantities, combined. with ca-efficients that raiſe them to the ſame di- 
menſion F 462 to it, ww: 
went 


15 Tn N 


the fourth power, theſe methods of approximation are the . 
ouly methods that can be taken for diſcovering their 
wots, or the values of the unknown quantities contained 
in them. A* even in cer ond, a 1 

Stu though 


Frz is a aflected power of x, namely, its fifth power afe&ed , or con- 


1 wed with, the two farodicy, or inferiour ſcalar, quantities, x3 and ** 
ly which are multiplied into 45 and a, in order to make them bomoger 
f neous 10, or of i the Jame dimenſion with, a5 itſelf, and conſequently capa- 

£2 "ble of being added to it, or fobtracted from it. And he ſeems to hay 

d ; yſed the word affeded in ſpeaking of ſuch a compound quantity as 
„s + ar“ — bis, becauſe the magnitude of the higheſt power of x, 
* to wit, x5, was changed, or altered, or made greater, or leſs, than it 
8 would otherwiſe be, by the addition of the parodie quantity ar, and | 
5 the ſubtraction of the parodie quantity PX which increaſe, or dimi- | 
ar nution, or change, i in the principal quantity x5 be ſeemed to think might 8 
al be well expreſſed by Gaying i it was affefed by i its connection with the 
"i ſaid parodic. quantities, There are ſome expreſſions j in his hook. that 5 
fy | ſatisfy me that this was the idea he annexed to the word afrated. See : 
Ki Schooten's edition of Vieta's Works,, publiſhed at Leyden, in Holland, | 
4h in the year 1646, 5 pages 3 and 4. FE BR 

" This, then, being the meaning of the Spe ene a Ps 3 and 
157 u affected power, the meaning of che correſponding expreſſions of a_ 
12 jure equation and an affefted equation follows from it of courſe: 24 pure | 
is equation ſignifying an equation in which a pure power of an unknown 


bs equation x5 =.79-. and, an affected equation Ggnifyiog an equation in 5 
oi vhich a power of an unknown quantity affected by, or connected, ei- 
A ther by Addition or Subtraction, with, ſome inferiour powers of the 
be lame unknown quantity, (multiplied i into proper coefficients i in 0! 

. to make them bomag eneous to the faid higheſt power of the ſaid un- 


hon e is declared to be el to owe known quantity; 


15 


j all affeQted equations beyond biquadraticks, or thoſe of _ 


1 pil of bal added to it, or bobs from it. Thus ** ; 
done is a pure power of x, namely, its fifth power; and x5 + 4 


RY 


quantity is declared to be equal to ſome known. quantity; ſuch as the | 


0 


. * 


cee 1 of the caſes 
of theſe equations, (to wit, the rules called Cardan's Rules 


. for the reſolution of moſt caſes of eubick equations, and 


the rules invented by Lewis Ferrari of Bologna in Italy, 
Fhout the year 1545, and explained at large in Bombelli's 


Algebra, in the year 1579, and thoſe afterwards invented 


by M. Des. Cartes, and publiſhed in his Geometry in the 
year 1637, for the reſolution of biquadratick equations, 
by the mediation. of eubick equations,) it will be found 
that thefe methods of approximation will, for the moſt 


+ part, enable us to find the values of their roots to any 
ld ee e e . This 1 take to be 


the original meaning of the expreſſion an affe#rd equation. But, as 


he Rngnage of Vieta has not been adopted by ſubſequent writers of 
| Algebra, I ſhould think it would be more convenient to call them by 


me other name. And, perhaps, thole of binomial, trinomial, quadri- 


i, qninguinomied, and, in general, that of mullinomial equations, 
| mould be as convenient as any. Thus, xx + ax = in, and 48 + 
. and 33 Lr = 13, and 44 + ar = 7a, and 'x+ + ar 
Dre, might all be called b;nomial equations, becauſe they would be 


equations in which a 5/zomial quantity, or quantity conſiſting of two 
_texrms that involved the unknown quantity xy is declared to be equal. 


6 2 known quantity; and, for a like reaſon, the equations x3 + ar? 


3- Px =r3, and & — 62 + % = *, and #4 — a, bir =r4, 


aud 4 + are T e 75, ind æ þ ay* — Pxi= 75, and x5 + 


Sun fers, might be called inumial equations. And the like 
Sirwes might be piven to equations of a greater number of terms. Dr. 


Nutten, Tobferve, in his excellent new Mathematical and Philoſophi- 


cal Dictionary, juſt now publitked, (Feb. 2, 1795.) calls them cun. 


Found equations; which is likewiſe a very proper name for them, and 
At obſcure than tht of afetd equations. And Mr. Kerſey, i in his 
. Excelfett "Freatiſe'6f Algebra, publiſhed i in the year 1673, likewiſe 


| . compound equations. © 
| . 


= propoſed 
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propoſed degree of fact with leſs trouble chan be 


particular and accurate methods above-mentioned, which 


have been invented for that purpoſe. So that theſe me- 7 


thods of reſolving equations by approximation ought to 


be conſidered as of the higheſt utility, and as being abſo- 
lutely neceſſary to the completion of the Doctrine of | 


the Reſolution of Algebriick Equations, which is * 
wo en 1 of the ee of * | 


Art. U. e 3 which of 
theſe two methods of approximation, Mr. Raphſon's, or 


Mr. de Lagny's, deſerves to be preferred to the other on 
' theſe occaſions. Mr. Raphſon's is certainly much fimpler 

than the other, becauſe it proceeds by confidering the 
| new, or transformed, equation, (reſulting from the fub- | 


flitution of @ + , or a = 2, inſtead of x, in the original 
equation,) as being only a ſimple equation, and reſolving 
it accordingly, or by the mere operation of Divifions 


whereas, in Mr. de Lagny's method, the ſaid new, or 
transformed, equation is conſidered as a quadratick equa- - 


tion, and reſolved accordingly ; which, when a (or the 


firſt near value of the root, that is ſuppoſed to be already | 


known, ) is a number conſiſting of five, or fix, figures, pro- 
duces a great deal of labour, and often a great deal of 
perplexity. I am therefore inclined to give the preference 


to Mr, Raphſon's method in reſolving all affected equa- 
tions, more eſpecially when the number à conſiſts of more * 


than two figures : but it muſt be confefſed that the cele- 
brated Dr. Halley (who had much experience, and was zn 


| excellent judge-of theſe matters,) was of a different op- 


e ä Mr. de de Lagny's method. 


4 , 


5 
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| which he R the pains to explain in 3 
beiter manner than had been done by Mr. de Lagny 
- limfelf, and likewiſe to illuſtrate by examples, in his 
Tut in the Philoſophical Tranſactions, Number 210, 
dutitled, . New, Exad?, and Eaſy, Method of finding the 
* Roots of any Equations. Generally, and thut without any 
tt previous Reduction, which was publiſhed in the year 
1694. On the other hand we may obſerve, that Mr. 
Raphſon always continued to. give his own method the 
preference, after the publication of the tracts of Mr. de 
Lagny and Dr. Halley upon the fubject, as well as before 
their publication, when he tells us he had himſelf had the 
thought of adopting the principle which was afterwards 
allowed :by Mr. de Lagny and Dr. Halley, of treating 
.the transformed equation as 2 quadratick equation, but 
dad deliberately rejected it en account of the greater caſe 
and ſimplicity of the other method, in which the faid 
emed equation is confidered and treated as a fim- 
ple equation. And Sir Ifade Newton, in bis method of 


|  -cefolving! equations. by approximation, (which differs very 


_ kittle from Mr. Raphſon's,) ſeems alſo to prefer Mr. Raph-, 
{ors practice, of treating the transformed equation as a 


mere Gmple equation, | to that of Mr. de Lagny and Dr. | 
"Halley, of treating the ſaid equation as a quadratick equa- 
tion. I therefore cannot. but recommend it to all young 


Algebräiſts te ſtudy Mr. Raphſon's excellent Treatiſe on 
this ſubjeQzintitled, Analyſes Æguationum Univerſalis, with 
great attention, and to endeavour to make themſelves 
maſters of it, by going carefully through all the examples 
ven in it, and performing all the arithmetical operations 
e And I will venturg to ö that 1 

| wil 
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vill thereby: acquire more uſeful knowledge. in Ale” 
towards: the buſineſs of reſolying affected; or compounds, 


or multinomial, equations; than by reading all that has 
been written by Harriot and Des Cartes, and his learned 
Commentator Van Schooten, and all his other Commen- 
tators, and their numerous followers, on the boaſted doc- 

tine of the Generation of Equations one from another, 
by ſuppoſing # to be = ©, and x s to be-== o, 
and „ — eto be = o, and æ + d to be = o, and e 


tobe = o, and ſo on; and then multiplying the binomial 


quantities „ 4, * b, e, x + d, 4 4 e, Ke, into 


eich other, and likewiſe all the abſtruſe and intrieate mat 


ter that has been delivered by Sir Iſaac Newton, and Mr. 


| Grareſende and Mr. Mac Laurin, and other learned Alge- 


briiſts of modern times, on the invention of Diviſors, 


which is grounded on that NP of eee olf 
A wean erer other.” en en ot inns 


* 


4 1 7 3 e e e ee ry 


Ant. 11. vert in eum une onpellent Trevdifef Mr. 
| Raphſon,” which I ſ6” much recommend; there will now: 
ad then occur ſome difficulties which are not inherent in 
| the ſubjeCt ieſelf, but which mighit Have been avoided; if 


Mr. Raphſon had not unfortunately adopted the perplex- 


üg doQrines of modern writers of Algebra, about nega- 
tire quantities and negative roots of equations. The 


quantities called #egative are ſuch as it is im 


my clear idea of, being defined, by Sir Iadt'N Ne 0 
| ather ere „ to de fuch quantities 2s. are 2 ci 


ANY LF MS, W 


„Gitte vel ive font, 14 majores ain hor ahi 


| tve, *Y Nikulo minares,—Newton' $ AFSC Untverſalis, page 3. 


. | Wen 
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\\ 
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nothing, or as arſe from the ſubtracĩion of 4 gan; ty 
_ from a lefer, which is an operation evidently impoſſible to 
be performed: and, as to the negative root of an equa- 


tion, they are in truth the real and poſitive roots of ano- 
tier equation conſiſting of the ſame terms as the firſt 


equation, but with different ſigns + and — prefixed to 


ſome of them; ſo that, when writers of Algebra talk of 
the negative roots of an equation, they, in faQt, jumble 
two different equations together, and ſuppoſe the propoſed, 
or firſt, equation to have not only its own proper roots 
(Which they call its affirmative, or poſitive, roots, ) but to 


have likewiſe the roots of a different equation, which they | 


| call its negative roots. Thus, for example, they would 
fay, that the quadratick. equation ar +:4x = 320, has 
two roots, to wit, the poſitive, or affirmative, root, +' 16, 


5 and the negative root, — 20. But this latter number, | 
20, is, in truth, the root of a different equation; to wit, of 


the equation xx'— 4x = 320, 80 that this kind of ab- 
ſurd and fantaſtick language only tends to: the confound- 


ing together the two different equations ws + 4 320, 
and xx—4x = 320, and conſidering them as if they were. 


one and the ſame equation. Now this perplexing lan- 
| guage is unfortunately uſed by Mr. Raphſon in this va- 
8 ROY 1 70 throw an air 5 nen 32 


N 0, 


1 a p ate ment is 1 a leſſer of 1 ens k, the 
N bee | mes of the, oppoſite kind.—— Cretan Langu 1 e 
FN 


An es „ is a 0 e thin netting,” and is 


known by this ſign, +; a negative quantity is aquantity leſs than no- 
thing, and is: known by this 105 — —Saunde oY $ diate,” Val. 5 8 
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zproof of the truth of this obſervation, I ſhall here inſert 


one of the ſaid Problems, the ſolution of which i is by this 


means rendered ſo obſcure, that 1 had a good deal of trou- 


ble to find out the meaning F+ though, if this language 


had been avoided, and the proper and natural language, 
belonging to the conditions of the Problem, had been uſed 
in its ſtead, there: could not have been the leaſt difficulty 


in underftanding it. This Problem is the agth, in page 
32 of the 2d edition of the book, and is, . reve | 
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3 Jumerus ,195,72 eſt radix guatiovia 45 + Job 


2 0 + ; 135 E 10,00; quod hic obſcure innuitur ; 

 fub ſpecie” — ne gat Sgustionis — a5 . 5. 
20 ＋ 1 558% =-10,000# Mes fere difficultates qui- + 

„ A bus permulti cultioris ingenii viti'#b Algebra diſcend a 0, 

| excolends deterrentut, ex hiſce radicibus negativis et alis ind 
anten rung ſeu * Pa wi ſeripto· pok 
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t. „ v. P4'3 W . propoſed by Mr. 


| Rphlon to'be-refolved; $8 ſaid to be — 2 4e pt a 
L = 1000, of 15 20% T j a3; 


10,000. But this is not the equation he-refolves; , and, 
indeed, it is not a poſſible-equi | aufe th 
polible-magnitude- of the compound quantit 6151 
| 208 . 7x* s js that which it has whety che ir 


mall norement of the bitemial quantity 208 429% ben! 


| comes equal to the contemporary increnieneoFthe binos 


nial quantity 1 58 ＋ 749, t that” is, bit we pur er 


1 a point e for the infinitely 
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5 ment of nd when. 20 * 3055 + * 5495 8 equal to 
| 155 K 8 Nee or whe her 6 5 1% 1 = or + 
58s", or wh en gong js =.319 +287, ? or when Lok 


. 28x%:4*:60xis = 310, or when 22 — . NTT is 


4 ; | iT, 7 No, Non 1 ot OED 1 
0 62, or when — 5. beer + 1270 is = 623 and that i is when 


jy: ds 21 . een Fay ay 
4 18 near 3 at * ic ti 
122 — NT 5. I 75 hi. . ime "the compound quantity 
Ki 8 — nearly s ual to 273Þ 


| appear "by tierten 5.5 inſtead of x in = terms 
| of che. aid, quantity 15 58a n ace + 75% g; and 
OM this q quantity 2 2733 a is the greateſt poſiible magni 
en be tude bf the e compo ad quantit 15 gw — 20 + 7*— 
7) very much leſs than 105600, or the abſolute term of 

the equation 25 gxx — a0 7. 1 dc ooo, and 
conſequently. the ſajd equation is impoſſible. Bur Mr, 
KRaphſon, thovgh. he ſets down. "this equation 1557 — 

2053 + 7*˙ 2 * =,10,000, as the equation that is to be re- 

ſolved, yet real means to | refolve.a quite different equa- 
tion, to wit, the equation that reſults from ſuppoſing to 
be a negative quantity, or from ſubſtituting the powers of 
Ae, to wit, HE, fy I and . &, in the terms 

ef the Laid. equation 1 55x duet ＋ J = ene, 

inſtead- of che like powers. of + x, to wit, x, K* 

db, and & 54 by Which ſubſtitution the ſaid equation 

will be conyetted into een 1556 & & A 20 

* . s x = de 0er 155˙r 

1 20% e = 199990, Which is exidenti a poſ- 

| ible equation, and of which the root. is 41544419572, 07 

the ſame number which he.obtains by his ſolution, of the 
Problem and:which,; wih the. ſign, — prefixed to it, be 


wee e of the propoſed.cquation 15 *r + 
241 E | 20 


. 


TY 


to. 25 + 1 4 10,00. "Now © all” this perplexily | 


5 vould have been avoided, if Mr. Raphſon had | propoſed a at ' 

7 firſt to find the root, or, in the language of modern writers 0 

= of Algebra, the affirmative, or poſitive, root, of the equs- 

— tion 155xx + 20* + 7 + #5 = 10,000, or x5 ＋ 724 + - 

ty 208% + I5 S = 10,000, | which Equation. is evidently 
2, poſſible, : and can have only. one root. And chen a 115 185 
a ſteps of his ſolution would have been clear and | eaſy, a6 will 1 
nd appear by reſolving this equation 3 15 + 25 Ko 208 + 

ui. WI 155xx.= 10,000 according to the principles of his me- 

_ WT td; which x may. be done in the manner following : 1 15 

of „ eee e SOT an fats gu $ 9 old T er 

nd Sen 2 e e foitgupe 513 N 


\ 


7: 490191 18611 e N 


re- n RESOLUTION oem THE irracres) EG- 


ua- TION a5 + 7 ＋ 20* 4 15 S 10z000;BY MA. ; 5 

5 RAPHSON'S METHOD o APPROXIMATION. | 
of ; | 7 B en a 0 * e 5 . f 
- | Art Ye IN pe RY this equation n = 9 Tab be ; 
L 3 208" + 158 = 10,000, it is, in the Iſt Place, eaſy o 

ſee that x muſt be greater than 1. For, if we fuppoſe 

A to be = I, we ſhall have xx = I, and & 1. and . = 


7, and & . 13 and conſequently” 45 4. e 40 + 
15 r will be = + T "+20 5 155 16 bias 
very much leſs than the ablolute term N : | 

n N leſs than *. ON 6517 is 207 rem j 


7 . — ww 7 


* FE i "I'd 4, + F 1 N 74 3 83 * 91 11 ! fy J > 
4 N "SF 8 8 20 3 S215 * is, 


In the Krege Fake, ne ipgote' 3 ebe . fe de 
ſhall haye zx = 100, and & = 1000, and & = 10, 0, 


"Can 


and 2s = = 109,000 x, ſo that a+ alone will be equal to the 
ne term N and 1 15 + 7x + 2055 


a 
1 


* 
wp * , 1 1 - 2 . s 
OBO COT O1, mn TH T3. „ ag ng 
\ - 8 Ney # * a 4 2 $ 4 
35 a *. * * 1 # — 4 Pp 8 3 a — 5 17 7 


G1 „„ K a wy 


1 a fince xis let than's 10 2 EN, than 1, let us 
22 5 it fo be equal i to, 3 ' Then-we mall have Xx 2 25 
* 125, a and & = 625, and 62 = 3125, and conſe. 
1 25 x5 +75. + 2087 + 1556, (= 3125 + 7 X 625 
© X 125 + s K 25 = 3125 +4375 + 2500 + 
777 13,875 w which is greater than the abſolute term 
5 1ꝙ0, oo0. Therefore 5 is greater than the true value of x in 
„ oc TAO RIOT IIA © 10,000, 
0 55 
„ we vill therefore, in the 4th place, fappoſe x to TH 
1 bo N "And then we mall have 4 16; and 4 = 64, 
. and = 236, and x5 = 1024, ard conſequently x* + 
1 20 + 15558 (= 10247 X.256/+ 20 X 64 
, +155X 16 = 1024 + 1792 + 1280 + 2480) = 6576; 
- which is leſs than the abſolute term 10,900. Therefore 


5 4 17 leſs [than the true value of x in the "aaa 15 + : 


* 


"REP 1 e . 8 i 

== * Din: 8 0 
| | nnn that the rogt, of u the 5 EY 
| 7 . 20 . 1 55x. = 10, is greater than 4, but , 
_ els thay 5. And either of. theſe values might very well 
ſerve for a firſt near value of the ſaid root, or for the baſis 2 
of a further approximation to it. Mr. . makes : 


el NC OO ene" 


If 


** * 
re 1 


48 


N 2 
* 

J 

* 
Pat 


. . 9 op PZ 
Eh. Cf i 


i& an . . 
Art. VI. | Lots! then n a, or the br en e 
Name equation . f 7A + 0 + 158 100688 6 
hs 5; and let 2 be che difference . which it excee 
the true. value of x. Then wills be = 9+ 2 — , and con 
quently xx will be (= a—2Þ) = aa — 2az + &c, and 
x will be ( 2 2 — 2 = = 25 —3³ + Ke, and * WII 
- (=. — g Sa. 4% + &c, and x* will be (= 
me a = #5 54% + &ci Therefore &. 1 + 2087 
— ig Fa Re 2 8 — 9d. 1 8 — 3% & Kc, Med 
46:45 $6 ab 255 SHS Y ea 
+ 1558 Tar oy” = 


Bess 7 £ 


4+, 7X04 Fe] 


bro dr „S + DT 


* * 24 2 * 4 


+ 15 C e + fins . 5 
But 3 5 bs, 766 ” 20s" + 1 = 10,900. 
 Thereford's 10926 e rages <a "I 


60 — 31043 + &c, will alſo be - 10,000; and | 
conſequently (adding 5 T 28a + 6oa'z + 310 to 
both ſides,) we ſhall have a5 + 70 + 20 + 15540 = 


10,000 + za + 28 + 6oa*s ＋ 316azy/ or (be- 
ezuſe 4 is = 5, and conſequently ' a5 + 7 + 2 
+ 155 is =="13,875, as has been ſhewn in Art. 3, 
we ſhall have 13.99 = 10, % + Fa + 28% + 
6oa's T 310%, aud conſequently (ſubtracting 10, ooo 
from both fides,) 3875 = 8 + 28 & ＋ 60 4 


310az = * [fat + 28a" + Goof + Jie. Ther- 


* 


17 20 * . Jos + cz ” 


A 


fore 


555 ＋ 00 ** 25 © 70 N 


2 « Jn 5A 4-4 bet es Bp 875 
Jr ＋ 1500 15 = 8750 4 There 
ſore a — 2, or x, will be (= 4 — 0.4 = 5.0 — 0.4) = 
4-63 z and 4-6 will be a ſecond near value of the root of the 
n + 255 * 20x? + 155 = 193000... 


'Y t. * - ; | j j 


* 
13 4 „ 2 „ 
. 


we muſt next try whether this ſecond near value of « 
is greater or leſs than its true value ; ;.and for this purpoſe 


ve muſt ſubſtitute i it, inſtead of x, in che 265 ah quan- 


_ tity of + al * 2045 + 15 


ne New, if we ane to = 1 we e chall h 1 AN 


400 = 447-7456, and 4, (=.4-6]*) = 2059.62976, and 
1558 (2 165 X 21.16) =: 3279.80, and 2033 (= 20 X 
97.336) 1946.20, and J (= 7 & 447.7456) = 
31342192, and conſequentliy * + 7 &. 20 15a 
(= 2059-62976 + 3134-2192: + 1946.7 20 + 3279.80 
{=,10,420-36896;; which is greater than 10,000,'or the 
, g of the equation x* + n+. ++ 20 + I55zx 
- = 10,000. Therefore 4.6 will be rater. * * true 
los of, x een equations „ 


+ 4 : : . 
7 N — — rely, —— —— —— „ 1 "4:3 . 
TH 3 , ro a $ 20 Yo 
. 81 4 S 1 „ #8 ns „„ wh $55 3 
$347 AR. n * aa 41 + oh $8 as x* 1 1 #f is be e 
« + be 1 * - 
a Þ f 4 t 
$557 m1 
* 
3 
3 
\ 
> 
FS 
CY 
* — 
4 1 
4 
* 


| Ft) = 21.16, and & ( 4.6 H E 336, and * | 


reer 4 © 


6s 
II. VII.. To Find ; A third — 


this equation, let a be | 
difference by which ay or 46, exceeds the true value of 
the * o. . is Go £2.07 2101579 


nn wal 03. Sins. :; 8551 r + $693 80 
FEC 
queßtly r (=; — 95 S 44.5 z &g, and.x* (= 
a — 2 9 — 93 — 3 * $ec,.2 = * (=: —24). =. 
= 48s + ke, and & ( e = of = gehe + Ke, 
and 744 (= 7 N = Jots +. ; i 72 — 29a 4% 
kee, and 20 ( 20 X 4. Nc 10% 6048 
+ kee, and 1. 55 *&ᷓ ( 1355 * 4 G 2 +:&c,) = 15508 
Ws + 3 and 4 * 1785 * 20x? + AS = 


am x 
2 5 oF; — Jeu + Ke, 1 
EF til, 2 50 RF "20's, 227 Ke, 3 n 
: The aa —_ Soda IF Sc, 
3 1586. — zie +, By . 


1 * £1 he F 


"Butt + 7a + 208 + 3 = 10, oo 
4 za + Ke, 


E 7 * — 2 8% + Ke, 
IJ. 15 20 G I. Ke, 

1 I F. 28170 5 > ies Ne Ke, ak dT” 
vile be 1 10,000, and conſequently (adding , 82 -F 
a + 604% + >TOaZ to both fides,) 45 + 7. ＋ 
2003, ＋ 18540 wil de = 10,000, 1 * +. 5 the a 
boa: + Zioan, - | 


* 


* 


* 7 
. 9% + & x55 $ d 1 L. W 
" 4 $6; A. : 
ö bg 


„ 


"Bur: it {has been twp in the 1 adde tha af £ 266 
+ 200 


( * 7 
135 Fry , 4 = dene gebe a 


a 


] * 
Is FB, 1 9 E 5 POET 8 
ZE 9 + wt FB #4 A * | 754 15 


1% Therefore MA will be = 3 N 1 

"iN | 2Ka*2 + 604% + 310 and conſequently (fubtraQting 
70,600 from both ſides of the equation,) 420. 36896 will 

der ge + 8% . gb + 37oas ( x 4.0) „ 
* ＋ 28 X 4.60 x 2 4 60 O 4•8ʃ˙ X 2 + 310 K 4.8 
* * 5 x 447-7456 * 2 + 28 x 97.336 * 2 + 60 
* 211 „ 2 ＋ 310 & 4.6 K 2 = 2238. 7280 X 24 


n * +. 1269. 0 K 2 +; 4426.0 X 2) = 7659. 


36890 
7250 X 2, and conſequently 2 will, bets. 778755 


= b 08285; or nearly 0.055. Therefore « X, or a — 2, or 

46 — 2, will be nearly (8 4. 62 0.055, * +5453 and 

conſequenily this number 4 4-545 will be Weg near value 

of the root of the propoſed equation 5 5 **. + 20a* 
i = * 16,000." a 


1 . 1's. 
— WY Duty p . 1 
2 4% * "OY e „ ad * a 
* 7 7 - 4 I 1 106 * 
dF . £ s — — g. 8 £ 1 3 IS th „ 


Nov 0 his da” 4 54 5l be 8 inſtead of ax 
in ibe compound quantity * ＋ z + 20 + 15er, 
in order to diſcover whether the refult will de greater, or 


_ Tefs, than 10,00, or the abſolute \ term of the propoſed. 


equation 45 5 ral + 2689 +1 Ser nt king 


n 516) 


e it e de fappoltit'b to be = 4. 14 4. we ſhall lane & 
7 93. 886, 


5 (= 4-545) = 20.657,025, and x* (= 4.445 
| 278625, and x. (= 4-545]*) = 426. 712,681,850,625, and 


| . 2 | | £15. 4 545.) = = ee bee and 575 
quͤently 


1 


quently 25. (. 4667321683 250,625) « = 2586 088 

772,954,375, and 204% (= 20 & 93 886,178,625) = 

1877.7 23,572, 500, and 15 5 ( 1g X 20.657,025) = 

3201.838,875, and x* + 7 + a0 + 15 5 (2 1939. 

409,139,011,090,625 + 2986.98 8,772, 954,378 + 1877. 

723,57 24500! + 3201. 838,875) = 10, 005. 960, 359,465, _ 

465,625 3 which is greater than 10, ooo, or the abſolute 0 
term of the equation x* + 7x* + 20 + 15 gr = 103000. 

Therefore 4-545 will be 1 gs ay the true aloe # * 


* 
g f 4 & 144 — i 
1 e N n 
4 - ; * i ; . 4 : F 5 
8 oy . $ * . > * + 7 | S 3 ; vis * — ' "Is Y * 5 5 . 
* * 7 


41 ricar value” Ae root 88177 

this equation & + 7x4 + 20 + 1557 = aca: oe 

be ſuppoſed to be = 4:545, and z be ſuppoſed to be the 
difference by which a, or 4545, exceeds the 8. ralue x 1 
the faid root: 1 6, i nod Pe ed ELIE 8 "4 


— „ 7 13 
vs „ 25 7 4 FS + 1 
3 8 » 


. vi. To find a 45 


CO 
” 
+ 
* 
Ln 
D 


7 


SOS 75 — e &s, 
| 20 K 45 ee a0 60 


e, and 15595 ( 188 & l T e 11e 
| — 310az + &, and N * eb a0 * | 


141 * —— 
wb 14414 * 6 ** 


> 4x 4 < 6 
iN 155 wy" r 7 * oy * % CT * 155 8 22 
Fier = * * N on FS x 
— Falz te | * 5 
2 4 & 1 A, ug ic 4 S A : 5 ws I; * "IT DE; 
4. g { £3-3 1 2 41 + #© 3 


117 7 


$ T £117 TY Wal * BOL : 

| 747 7 8 8 F Sp 

d ly” Is 200 — 60a'z — Kc, 9 

> + I55a* — 310 + &c gp. 

: But 


Therefore 45 +: Pu - 405111 ik eras — 0 + . 


28a + &c, — 60% '+: &, —310az'+ ic, will 
' Kkewile be = 10,000.; and conſequently (adding 50 4 
2849's + 6007 + 31 a to both ſides,) 45 N Ja. +2008 
* 1 = Wa Rt N n W 


0 r 


WED it 1 been . in * laſt articla 8 wg S 75 
+ 20 + 15 Sa, or 4.545% + 7 X 4.545% + 20 X 
71 5 525 X ＋545ʃ7, is = , ee e's 


i pt - " 13 Fn * 75. 13 1 4 2 "9's 
4 9 1 2 { * * 7 * 3 5 E F 1 
5 PTS © 
& y 


 Thetbfore 10, oog. 288875 Ah 0 vm de = 
10,000 + Jꝰ + 2832 + 60a% +- 31 ę 3 and con- 
' ſequently (fubtraCting 10,000 from both ſides,) 5. 960,359, 
465,465,625 will be = 5a. + 284% +.60a*z + 3100 
SS N e 60 X 450g. 
** * ＋ 370 X 45545, X2= 7 5 * 426.7 12768 1,8503629 
* 2 + 28 * 93- 86, 178,625 * K ＋ 60 20.6570 27 
T 2 +" 3¹⁰ X 4. 545 * a1g3. 568,409,253, 125 * 2 
＋ 2628.573001, 00 X'z + 1239.421,500 N 2 + 1408. 
so = 7410. 74% 0637125 * 2. Therefore 2 


eee 
l be be (= * 7 3, $419-74] 9183, 125. J= K. 6.000,864,28, a an 


&, or a 255 2, Or 4. 548 — E, * 4.545, 00. = 
0.000,804,28) = = 45443195172: een 4 544,195) 


v > 


BE 


. 45 * A S 205% + 4 hs == 10, 0. 
Lr J. 
This 


. 1 
4 * * 1 . 
x: Hf he 3 N 12 5 
. 


ook nen Ra i 


* . 622 * * * » I + 4 1 . 
. 10 2 . ? * 5 'r 5 on * 1 : 2 4 (HL =, q 4 ing hs wo 75 2 « Þ 4 5 þ 
. 22 33 J 


hn. IX. The is Eee reſolution of Che equation i 


5+ 7x4 ＋ 10 + 15 9 10,000, has been p 


great length, in order to ſet forth, in as clear a manner a 


15 poſſible, the ſeveral reaſonings upon which the arithme 
tical operations' uſed i in it are grounded, as well as the faid 
operations themſelves. And by ſo doing the ſubject is 


rendered ſo much eaſier than in Mr. Raphſon's very on- 


eie and compreſſed way of treating it, (in which all the 
 raſonings are dropped, and only the arithmetical opera- 
tions are exhibited,) that, though the above reſolution 
af the ſaid equation is three, or four, times as Jong as 
Mr. Raphſon's, yet I am fully perſuaded that i it may Fe: 


rad and underſtood. i in a third, or fourth, part of the time 


tht is neceſfary to a thorough. comprehenſion of Mr. 
Raphſon's reſolution of it ; even if he had not puzzled: 


be matter by talking of the negative root of the equation” 


* + 7x4.— 20 + 155xx = 10,000. But that this 
may appear the more clearly, I will now repeat the fore 
ping reſolution of this equation in the ſtyle and manner 


of Mr. Raphſon, by omitting the ſeveral reaſonitigs Tet. 185 


frth i in the foregoing articles, and making uſe of a Canon, 
or Theorem, for the purpoſe, of computing che ſecond, 
third, and fourth values of 2 in the 2 8 manner as Mur. 
e VV 5 


PE x. | Sion eh: of . OY arg ficcellive m near 
nlves of a, or the root of the propoſed equation * 78 
B . POLES 7” ho _ bs ALY MF 4 20 


This number 456619572 agrees with the number. b 


TY * FI a - 
Mp ee er re ee * — — 2 — 


Fg” ca 
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0 1 IS 
22 TT A IT EYED 


EB * \ : 
Wan % 4 x 2 
rr HF ERASE TS wr _ 


ORE IE es 
nb NY I Se 
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ff 

FEUD HT 8 which the next near ba- 
I sꝗess of it are derined, to wit, the three numbers 5, 4.6, 
and 4-545, and which are ſucceſlively denoted by the leiter 

| a is greater than the true value of * in the ſaid equation, 
à⁊̃ than the root of the faid equation, it follows that the 
% ſecond, and third, and fourth near values of & will, each 
5 of them, be ſucceſively denoted by the reſidual quantity 
2 land conſequentiy, by applying the reaſonings uſed 

in Art. 6, in order to obtain the values of a, and of 2 — 2, 


> => "in 


or ag: we ſhall find that. s will be, ſucceſſively, nearly equal; 0 
. a T7 204? a= th 
woche vnde e of the fraftion * 25 THE ——M 
Ld © therefore, that 4 — x, or xz, will be, ſucceſſively, . 
vent equal to the value of the quantity, u — the fraction WW 
75 3 10, 

| a* LN 2 1 D : ==. | This, then, is the u 
; 1 —.— or Canon, by the application of which we are Th 

to. compute | ſecond, and third, and fourth, near va- For 
mes of e — e, or , after taking 5 for the e near value , 
: Ae forthe firſt value of Sf Wl. 
1 0 279 At for 
N 5 8 K 4 is = Df we wal Ply * fer 5 8 raft livel 
2 22-4 203 e 3225 = 040 

| ga? +. . + boa iT; 310 205 9678 , 

| Therefore a — 2 will be (25 0.4) = = 4.6 85 which vil hut 
therefore be 1 the ſecond. near value of x, or of the root ol Poe 
5 the e af + 7²⁴² 1 204% + ES SHS; gs * g notat 
| whic] 

on. Meate __ i&'y we + dhall hang = = ner, 


2945 . 18822 —. 1700 , 420.3089 Wc 


— 


+ 2800 I 60 + 31a 7059- 7300 


5 0.0548, or, nes y, O. O | 2 e be. 
(=4:6'.0.055); 48846 HG will therefore be the 
third near value of , or of the ee wee * 
# +: 2087 + 1 ata =: . 180 1 (0 
| Thirdly, if 4 be 112 e we al hape 3 Niid 201 
7255 +2043+1 55a — 10,000 5: .960,359,46 w_ 82 
a 280 + b Þ+ 310 oe 7419-747»910,7534125 
=0,000,804,38. . Therefore 4 — 2 will be (= 4.548 = 
6000 804, 28)= 415445195273 3 which, will therefore be 
de fourth near value of a, or of the. root. Fit the equation 
A + "a +. 28 6. 46 e o, o 72 A I. 


N. 82 


3 445 
——U— — * "$4.7 x —— fy 3 #7} Fry $ 15 T7 


41 XI. lier a len Danon, er Thats the 
nlue of 5 1s expreſſed more conciſely than the foregoing 
Theorem, 8 9 75 e + 204% ＋ 155 — 
| | 5 + 28afi+: 6045 3% 
For he uſes he e 55 e, di and fi for the co-efficients To 
to, and 155 of the fourth; third, and ſecond, power of x 
in the equation, x N y A 2043 +:1552xx" = 10,000, and 
for 10,0003 the abſolute term of chat equation, Teſpec- 
irely z\ which Een as ee Canon, or Theo- 
a +ba* Ta dat = 

* ga*+ qba3+gea* + ad 
but it appears to ea oma we may ſeem to gain 
omething i in point of brevity by uſing this very general 
tation, we loſe as much in the article of perſpicuity, 
which is a matter of much greater importance. Hows | 


fer, this latter reſolution of the equation & ＋ 7x*% +: 


rem, fo the value of. 25 to wit, = 2 = 


995 


r T 159Xx; = 110,000, which is expreſſed in Mr. 
300 wy eonoiſe 50 and * and the en 


Tit more 


( 482 ) 
1 relelutien of it in Art. 5, 6, 7, i 8, (in 
Which the reaſonings? on which che ſeveral arithimetical 
operatiens 'are grounded; are diſtinctly ſet forth and re- 
. peated,) are, both of them, che ſame in fubſtance; and 
are, as I believe, the very beſt method that can be taken 
bor diſcovering ther root of the ſaid equation. RPE 
. XII. * has We obſerved above 11 An. 2 that 
| Sir Ifaac Newton's method of refolving numeral equations 
by approximation differed but little froni Mr. Raphſon's, 
both methods being founded on the fame principle of con- 
fidering- the new, or transformed, equation, (reſulting 
from the ſubſtitution of a + 2, or @ — 4, inſtead of «, 
in the original equation;).23 a mere fimple equation, or 
f neglecting. or omitting, all the terms of it which involved 
in them any higher power of à than its ſimple power; 
which 1 redyces the reſolution of all. « equations, of whatever 
orders, to the reſolutiom of a ſimple equation, or, rather, 
to the reſolution of ſeveral ſucceſſive ſimple equations, by 


SEK. Fc ATE} TW MLOIG LINE 


$ which we:make-contingal approaches to the true value of 


the root af the original equation. In this grand principle 
Sir Iſazo Newton's method and Mr. Raphſon's method 
perfectly agree4-and; in finding the ſecond near value of a, 
or in making the firſt approximation to the true value of 
x, after having obtained, by conjecture, or trial, or in ſome 
bother manner, the value of what has been here called a, or 

2 firſt near value of x, or the root ſought, there is not the 
ſmalleſt difference between them. But in the inveſtiga- 

tion of the third, and fourth; and other following near 
i values of x, there is a little difference in their manner of 


„ which the reader may be 1124 to ſee examined. 
11 ', 


| ſhall therefore now compare the two methods to - 
gether, in the caſe of a very eaſy equation, by which 8ir 
lac Newton himſelf has _— PROF to illuſtrate his 

aan LT 


A COMPARISON BETWEEN SIR ISAAC NEW. 
TON AND Mx. RAPHSON'S METHODS OF 
RESOLVING NUMERAL A avg BY * 
PROXIMATION. | RS „ 
Art. xm. SIR 18440 NEWTON" | 8 
reſolving numeral equations by approximation, is er- 
pained by himſelf in his curious little Tract, intitled, 
Aualyſit per Aguationer Numero Terminorum Infinitas, 
' (hich was written in the year 1666; and communicated 
to Dr. Iſaae Barrow, and to Mr. John Collins, and to 
aber learned men of that time, in the year 200) 1 an 
ample 3 which'is as rata e W- | 


art. XV. Let it be required to refolre the cabick 
{ equation ** — 2. „ 


Here, in the firſt place, it is eaſy to ſee that x is ſome- 
vhat greater than 2, but much leſs. than 3. For, if æ is 
taken equal to 2, we ſhall have 2x = 4, and * = 8, and 
conſequently x? — 2x (= 8—4)=45 which is leſs than 
Hor the true value of a — 2x in the propoſed equation: | 
| I: 2 and 


4m) 


1 if & is 9 equal to 3, we ſhall 1 2x = 45 and 
#3 27, and conſequently: 2 (= 27 60 =21; 
Ne is very much greater than 5, or the true value of | 
— 2x in the propoſed equation. Therefore the true 
| = of x in that equation muſt be much leſs than 3, and a 
little greater than 2. Let it therefore be ſuppoſed to be 
equal to the quantity 2. 4 2, in which z denotes the un. 
known quantity by which the true value of x exceeds 2. 
And let 2 I = be ſubſtituted; inſtead of x, in the propoſed | 
| a - Hy I Bi This wy be done as eas : 


% A, 


| Since * is = 2 Py 253 we e ſhall bare 


N NN IBN AN A228 43 
X 4N 2 ＋ 3X 222 2 '= 8+ 12z + 62 +2, 
and 2x ( 2 * 2 ＋ 2) = 4 + 22, and conſequently 
| al — 2x (= 8. + I2z + 6zz + 2 —4 — 22) = 4 + 
102. + bzz + 25 But 4 — 2x is = 5. Therefore | 
4 +102 + 622 + 23 will alſo be = 5, and conſequently 
| e 4 from both ſides,) 10 + EE + 23 will be 
1; and, (ſubtracting 6zz + 25 from both ſides,) 102 
will. be = 1 — 622 — 28. Therefore 2 will be = 
(= Gn —= e _ | —bn— 


7 — — £ —— 0 6 o 


5 V 


To 4: "Gan 3 
N that 3 is 2 is leſs than — or 0.1, by the quantity — — 


dente 4 or 2 + 2 is eſs than 2 + or 2 + 0.1, 


3 
or 2. . by the ſaid quantiry 8 n 25 which, on account 


of the fmallnes of z, (which i is leſs than =) will be 


very 


( 485 45 


i 


FP. * 
$ 


very ſmall quantity: in 3 of 2, or ref 77 wr 4 


firtiori, in compariſon of 2, and e may be ne- 

gected. And therefore 2.1 will be a ſecond 1 near value 

of x, or the root of the propoſed equation x3'— 2x = * 

that will be a little greater than its true value, but 5 rer 
to it than any other uendey: ng e of mal} two! 

places of OO e zl 
' This is the firſt ſtep, Str Ifzac Newton's 8 8 15 
tion to the root of the equation x? — 2x = J, after the; 
aſumption of the number 2, by conjecture and trial, for 
its firſt near value. And in this firſt ſtep of the approxi- 
mation Sir Iſaac Newton's and Mr. e 8 — 
| exatly co- incide. 


e 4 'S 


j 0 £ * 
ee 


1. XV. Bur! in the next ſtep of the approximation | 
to 4 value x, in the ſaid equation * — 20 = 55 the 
two methods are ſomewhat: different from each other, 
though the number of new figures of the true value of x, | 
that are exact in the next near values of it reſulting from 
both methods, is the ſame. The difference between the 
| methods in this ſecond” Ho of the je men is as 
an : 5 | 


Mr. Raphſon as the + ralue of x, or Wy root of 
the original equation * — 2x = 5, already found, ; Of 

| wit, 2.1, (and which is known to be ſome what greater 
than the truth,) by ſubtracting. from it the unknown 
| ny * which it exceeds x, and which 1 we may call u, 
ESI 3 and 


former transformed equation, 10 + 62 += = 1, 


: (466 


and ſubſtituting 2.1 — v inſtead of & in the ſaid original 
7 equation, x3 — 2x = 5, whereby it is transformed into 
another cubick equation, in which v will be the only un- 
known quantity; and then he finds a near value of v by 
reſolving the ſaid transformed equation as if it were only a 
ſimple equation, or by neglecting the terms which involve 
the ſquare and cube of v, on account of their ſmallneſs, 
Juſt as we before neglected the terms 6zz and 23 in the 
foregoing transformed equation 103 + 622 += 1 
for the ſame reaſon. But Sir Iſaac Newton takes no fur- 
ther notice of the original equation x* — 2x = F, till he 
has compleated the whole proceſs, of his approximation; 
but, inſtead of the ſaid original equation, he conſiders the 


which was derived ſrom it, and inveſtigates the value of 

its root, 2, to a greater degree of exactneſs than that to 

195 which it was before obtained. And this he does in the 
manner following „ 


| e it has 3 Fa that 2 1s 1 les 3 on 4 the 
quantity by which 0.1 exceeds it be called v, ſo that : 
ſhall be = 0.1 — u and let 0.1 — v be ſubſtituted, in- 


ſtead of z in the transformed equation 10z + baz + 2? 
= 1. Thin may be done as follows 8 8 


Since a is = = O0. 12 - v, we fhll have 


(= & t 81 3 990 = 0.01 ov v | 
ry (= Ke ING ebene 1x 
1 8 5 e pl? 


0 


655. : 1004108 (e 10 * 671 2 2 a 
af ba = 6066 — 1.20 f % 5 


54 (1 #7 1935 #2508 i 24 . 1 134 * C3 POE 7 29701 20 235 aig 
Er t-  n conſequently . : 10 ollot 10 


1.00 — Io. oo : 
+ G0 — 1.20 Tops ＋ Goh ©! TY 


n 5 30 0 
+ 6.661 — — 0.03v + 0.3v. 4 


195 _—_ 15 2 10081 11. 230 * 6. 35 oe 6 P%, 
5 . 3 48520 nolan . ns 1538514 27 Asidyr 
. 1 1 Boe Lor. bar f. 23.58. = 4. Nui 2915 274 

Therefore 1.051 T. 23 4 6.30 2 * WIE Ie? 
vile be er 1% Aud confequently (addiiijf 21.20 t6 bee 
dies,) we ſhall have r. c I 6.3vb EVER TY 
and; (fubtrackißg T from both fies, w maff have ber 
+6,365/5"w8 . rzges and (hegfeckiäg 8308 ant vr 
2 ineonfiderable in Comparifon of 0.661 anid*t 1:236fw& 
| fall have 006 r. 430, of 11.230 si; anf För 
ſequently penn 7 ooge fides by TI. 2550 de War RN 


ect t e 0 eg Mach 2003-70 eg 
5 72 o 0054+ Therefore 2, gr 8.1 ae, 

he (= 0. 1 0.0054) = o · ogab, and conſequently x, or 

2+ , will be Mono cher Np 
s 5 W p23 8 "ER e 8 rr CITY 


„ Of ,000,000.02z * 


In this main Si Jr en on fipd3, chert as 
propoſed | equation x* — 2x = 5 to. be 2 ua} tc to 2.0946, 


"GP, a, 
which is as EAT "the truth as ? ve figures can dad 
hela in- 5990 N + 6. „ac = 


70 Fr . "Tap: X 10% 


4 5 
8 


— — — — — — 
4 — . PU —— —— — * 


: 
[ 
' 
2 


* { 1 a 


15 greater than 98. Since, therefore, b is greater than 


c 1,conbſting of th he ſame, terms. as.the former, but in 
; which, the terms. inyolving, the unknown, quantity v are 


- power, or the ſimple power of v. This may Ha gone; in 


(48) 


oa WI. He He then carries nen ſtep 
further, b — which he obtains the value of x exact to nine 
places of figures; and for this purpoſe he proceeds in the 


4+ 34 wr # * 8 


4 55 — 553 from which it follows that v is. 45 


. mo 6.30 % t 6. zv — vi 
u eee e — f or p — 
eq e WF TE” 11.2 & 4 3. 4 90054 + 11. 23 9 


which is greater than 0.0054 alone, becauſe 6.3vv is 


0.00543 let * ſuppoſe it to be = oe T w and let 
this binowisl quantity, be ſubſtituted,, inſtead of v, in tha. | 
transformed equation 41,23v,= 9-061, + 16.3v0,—.v\, 
o/ father, in he. e 11.23 . 6. 3uu u =; 


all, brought to the ſame fide of the equation, and ranged 
according. to. the powers of v, peginning from its loveſt 


the wangier following Ot 985 hg ae . 5 


170 * N ne 192 5 6 fo. % mo) 3 


1 EO 


"Since vis = S g. dog Yo WS x» iam... © >. 
ob 865 0.0050]! +2 x 0.0054 Xw+w") 


. ooo, o29, 16 + o. 0108 X 20 +w, 


| and (657 g ee. 5 of a 
3.00 5 S j£Np42,99 07.53 = BY — 0 Ranps buiogs 
25 BI . 0054 8. E 12 e £5 13 vid * 


Rad S + 3 * 0. ooo o29, 16 * 
oo & f 


- 
* ” 
Sx. ty Iz "We x * ? 1 by 8 — 
n 3 * 4 ? 


K » 
: = . ha eos Kor 4 


2 - * 


1185 o. > 0. x. 10, i 1 


ud 11,2390 1 11.23 * b Fay) = = _—_— 
wi 6. pale 8 — 1 58168 X I . 

o. ooo, 183,708 + 0.068,04 Xw +6. ui nh 
and conſequently a — et + v3 will be = =. 
— 
-0,006,18 3,708 —0,068,04 K 6. 7 N00 e . | 
lo ooo. ob, 574640. 000, o8 7, 8 * w+0.0162w* f c 
o. oo 642,15 7464 U 11.230, 087, 48 xw+0. 0162743 
is 000,133,108 — 0.068,04 * w =6,3 * un l 


060,45B,449,454 + 11:162,047,48w — 6.2838 5. + RY 


But 11. 23 . 38 + v? is = = =,0. 061. Oe IR 
onal Joey, 0.06; „488,449,464 8 11.162,047,48 X w 

= 6.2838 & uu + ww? will likewiſe be '= 0.051; "and 

| conſequently (ſubtracting o. O60, 456, 449,464 hom both 

| fides,) 11.162,047,48 X w — 6.2838 + w3 will be 

So. o i, ooo, oo, ooo — o. o60, 4 58, 449, 64) = 0.000,: 

541,5 50,5 36 3 and (neglecting the terms 6.283840w and- 

1 as inconſiderable in compariſon of 11.162, 047, A5 K , 

ve ſhall have 11-162,047,48. X Ww,= 0.00045 41,5 $045 36s 


aka conſeque 0.000, 541 25 $0,530" _ ; 4 
| 1. 102, 047,48 = a ooo act, | 


ly (= 


A 2. Therefore v, v, or 0.0054 + , will be 4 0.0054. +, ; ( 
0.000,048,53) = 0:005,448,52) and a, or 9.1 = v, will be 

8 8 MY ha = '0.094,55148, and 

* er 


. 


qunntity by which it falls ſnort᷑ of 2. i, and then to ſubſti- 


6 9 


x; er 2 . 2, will be (= 2 ＋ ot) = 2.094, 
25 51, 48; that is, the root of the ele enen * mm 
= 5 will be = = 2 cg, s. 


We A . I. bs 
This number 2.094, 551, 48 is oY in ea the _ 
nme 40 big 
e694 EE 8 i N Mes ot 55 — 24 5 _ = - 
MT, U 5 5 „ W 9 , if . 


Art. „ xvit. ee e forth Sir Iſaac Newton's 
method of inveſtigating the root of the propoſed equation 
33 — 2x =< to nine places of figures, we muſt now per- 
form the fame thing by Mr. Raphſon' 8 method, i in order to 
make 4 e ol N wr "ny FRI « af 


Noe Mr. Raphi 9 of approximating i | 
1 the root of the equation 13 — 2x = = £1 after having 
. 


by * 


found it to be equal to.2 1 „ or to be 
ſamewhat leſs than 2.1 is to put uf for he unknown 


tuts the reſidual quantity 2.1 — in the terms of the ori- 
_ ginal equation x* — 24 5, whereby the ſaid equation 
with de transformed into another cubick equation, i in which 
ul be the only unknown quantity: and then he deter- 
mines the value of v by refolving the. ſaid. transformed, 
equation as if it was a mere ſimple equation, or by ne- 
giecting the terms in which the ſquare or the cube of v 
ne. This te be done in che manner following: 


- — * e 7 * 
Das of 2 F. I: 2 « 24 Wo . * 22 (82 27 $ 55 5 81 
Ye L | ince 
- 36 * | 


Ca): 
Sie u = 21 — 5, we . av 
xx (="2.1 = * = DV 2 N 2˙1 * *9.. 
"Se nerd $6; 


wi (= „ vx — | 


= = 9-201 —3 * 4.41 * + ne 18120 s 
* 261 — 18 * YU . , 4. IS '# 3 
8 oY r 


2. uf 
BEEF 


and conſequently a — FT dee. 


"NM + 20 = 4 8985 — 3 * We F329 


7 8 
4-77 * 2 1 A 
F ; * 0 & {7 Sat. LH 


2 12 But 5 — 20 f 1s "= 37 2 bo „ 5 


34 I 43 


Therefore Toby « = 11/23 * a4 wil u mene be 
= 5, and conſequently (adding 11.23 & „ to both' fides,) 


ve ſhall have 5. 051 = 5 + 11.23 X v, and (fabtraQting 


nee bas 11.23 * v= 5.067, and 


b&w EF: "4% ; 


conſequently v(=5 2 = =) = = 0.0084. Therefore v, or 7 
21 = v, will be (= 2.1 — 0.0054) 2.0946; 3 


vil be a third near wine of _—_ Gay of Oy JR Po” 
wen e 8. 5 


; 144 


9 


474 . * 


This third. 1 the very 5 


third near value of it 3 We e Tp wy "_ 
| Ifaac Newton” s me Ic | q | 


F, ew 
OE | 


at Alt 10 an ep er er ie AE kk 
we obtain the number 2.0946 for the third near value of 

1 root of the propoſed « — a — 2 = 5, the prin- 
| _ 


\\ 


— 


) 


cipal difference between the two n ſeems to confiſ 
in this, to wit, that by Mr. Raphſon's method we are ob- 


liged' to raiſe the two firſt terms of the powers of the 
compound quantity 2.1 — v, and conſequently to raiſe the 
powers of the number'2.1, which conſiſts of two figures; 
whereas in Sir Iſaac Newton's method of proceeding, we 
had occaſion only to raiſe the powers of the compound 
quantity 0.1 — v, and conſequentiy to raiſe the powers 
of the number 0. 1, which conſiſts of only one figure; 
hich is ſomewhat eaſier than to raiſe the powers of 2.1, 
But both operations are ſo eaſy, that the difference of the 
labour of performing them is hardly worth conſidering. 
And, with reſpect to the ſimplicity of conception in the 
two. methods; Mr. Raphſen' 5 method ſeems to be prefer- 
able to Sir Iſaac Newton'sz becauſe the former always 
reſers to the original equation æ — 2x = 5, whereas the 
latter method refers. to the preceeding transformed equa- 
tion 102 ＋ 622 + 23 = 1, which has more terms and 
larger eo-effcients bas! the * ee ** 22 

. —2 IF LT OI es] 


"tt. EY Butt in the want ex 9x of e ation 
by Mr. Raphſon's method, we fhall find the labour of 


raiſing the powers of the value of æ already found, to wit, 


the powers of 2.0946, to be confiderably greater than that 
of raiſing the powers of the laſt preceeding ſupplement of 
it according to Sir Iſaac Newton's method, that ſupple- 
ment being only the decimal fraction 0.0054, in which 
there are only two ſignificant figures. This will appear 
by Performing this ſtep of the approximation by Mr. 
Faun 8 TY which wines \bedpne 4 i . 


1 


pet 
415 { 


6493) 


Art. XX. The laſt near valde we found for x, or the 

root of the equation æ — 2x = 5, by Mr. Raphſon's me- 
thod, was 2.0946. Now this near value of x is greater 
than its true value. For, if we ſuppoſe » to be = 2.0946, 


we ſhall have #* (= 2. 69400) 9.189, 74 1, 380, 5 36, and 


2x(= 2 X 2.0046) = 4.1892, and conſequently x? — 2» 


(= 9. 189,741,550,536—4- 1892) + 5.000, 541, 550,536 
which is greater than 5, or the abſolute term of the equa- 
ton x? = ar = 5: and conſequently 2. 0946 muſt be 
greater than the' t true value of the root S. che faid 

equation. 


We will the iloce fuppoſe x x to * = 8 — . W 
ſubſtitute this reſidual quantity inſtead of x in the terms. 
of the edu a? —x = US: 


L 4; 8 
o 
* 


Now, ſince & is = 1 — =, we ſhall have. 


ax (= 20940 — 0. = = 2.5946 —2 X 2.0946 X w +85) , 


= 4-387,349,16 — 4-1892 K w + Ke, 


| and xs (=25946=aÞ =z 0940] '—3X2 6940, Kut be 


= 9189, 7 1,5 So, 536 = — 3. X-4-387, 349,16 X wv.+ Kc) : 
= 9-189,741,550,530 — 13:162,047,48 * ww +) &cz 5 
as 15 15 2 * 78876 — 0 = 4.1892 - — 20. TY 
5 5 and conſequently 4 — 2 = FI, x 1 3 
fl 9 197414550536 155 13.262,40 * + dee | 
189, Bd, * 2:000,000,00' 8 


= 'S 000,$413556,53 — 11. 1:165,04748 * w + Se. : 


3 


But 


- 0 


tis) 


Bere 2x is = 5. 


e 3,000, 54755 505536 — 11.162,047,48 X 1 
& Ke, will be = 5; and conſequently (adding 11.162, 


' £4748 X w to both ſides,) we ſhall have 5000,41, 550, 


536 5 + 11. 162,047,48 X 4, and (ſubtracting 5 from 


both fides,) 0.000,541,550,535,= 11-162,047,48 X w, 


* 11. 162, 047,8 X 4 = 0:000,5 4755 50,536. Therefore | 


|; w will be (= O. 000,541,550, 536 


11 047 548 8 odge een. 


ſequentiy * or 2.0946 — 2, will be (= 2.094, 600, 00 — 
0.000,048,52) = = 2.094, 551,48. Therefore 2.094, 55 1,48 
will be a fourth near value of xz or the root of the pro- 


| cer rg 3 2 7 55 | 


Os en 


1 ag 


This wün near value of x is the very be with the 


ſourth near value of it obtained my. in Art. 365 by Sir 


Iſaac Newton 8 method. 3 . 


x . * A 8 * 
3 DL a hk ws is ; 3 
4 


4 4 
if 


rt. XXI. is __ lat fo of Mr. . Raphſon's 8 approxi- 
mation to the root of the propoſed equation x* — 2x = 5, 


ve have been obliged to raiſe the powers of the number 


2. 0946, 1 858 conſiſts of five places of figures; whereas 


in Sir Iſaac, Newton's way of proceeding we only. raiſed 
the powers of the decimal fraQtion 0.0954, which con- 


tains only two Ggnificant figures. But then in that way 


ot proceeding we were obliged to multiply v, or 0.0054 


u, into 11.23, and vu, or o. Oo, oꝛ9, 16 + 0.0108 x u 
+ W „into 6.33 whereas i in Mr. Raphſon s way of pro- 


t we have only to e 4, or A906! — u, into 
8 - 5 2 de 


tas). 


the very ſimple co- eſßeient 2. 86 that; upon the whole, 


| the difference of the labour of computation in the tuo me- 
thods is not very conſiderable, though it is rather leſs in 
Sir Iſaac Newton's method than in Mr. Raphſon's. But 


in point of ſimplicity of conception Mr. Raphſon's me- 


| thod ſeems much ſuperiour to Sir Iſaac's, becauſe ft " 
loſes fene nee dee = = 5 whichis F 


| to bereſolved. I 10 


And, fue ve may ren in 3 of Mr. 1 | 


| ſon's method, that it never requires us to raiſe any more 


than the two firſt terms of the binomial and refidual quan- 
ties 2 + 2, and 2-1 — v, and 2.0946 — — u, which are 


ſubſtituted inſtead of x in the original equation x3 — 2x = 


5; whereas in Sir Iſaac Newton's method it is neceſſary to 
raiſe the other terms of the binomial and reſidual quanti- 


| ties 2 +, and o. 1 — v, a ©0054 + w3z which in- 
creaſes the number and intricacy of the operations, of the 
| inveſtigation.- And therefore, upon the whole, I conſider | 
Mr. Raphſon's method of approximating to the values of 


| theroots of ſuch equations as preferable to Sir Iſaac News 
In Eo OC Oo Pre wage Wi Ee 


* 


Waun a? —2= 3. 


gr > 2 + Fo fy * * 
n 1 55 43 g 


dt. XXII. TD e e the work to 


| have been! rightly performed, wat ſhew that the 
| laſt 


A PROOF OF THE t EXACTNESS 4 OF THE NUM-= 
| BER 2.094;551,48, THAT HAS BEEN FOUND. 
BY THE FOREGOING METHODS OF Ap. 
I PROXIMATION FOR THE g or "IP 35 


8 2.094,85 548, obtained by boch theſe me⸗ 


_— 


than *, inereale it by the addition 6f an unit in the laſt 


: the new number thereby obtained, to wit, 2. 894,85 1540, 


1 . And, if it hall appear that the value of that 


enmpound quantity reſulting from ſuch ſubſtitution is 
greater, or leſs, than 5, We may conelude that the num- 
| her 2.09455 51,49, or 2.094, 5 81475 is accordingly greater, 


. 5 * 6 that * ſaid; iy value is of an in- 


- ie refult is greater than 5, we may conclude that the 
aid number 2.0945 57,48 is greater than the true value 


aid reſult is leſs than 5, we may conclude that the ſaid 
number is leſs than the true value of x. And, when this 


bas been thus difcovered, we muſt; in the next place, en- 


| 2.094 551,48 co-incides with the more accurate value of 


* 496 * 


thads, f is a very near value of the root & of the propoſed 
equation. x?. — 2x = 5, m_ _ *s 8 gane 
Jy Agures 3 it is exact. Feat 2 ee EY 


8 : I 


1 


Now che deinen ani beſt 4 af HIER this is to 
abltitute the number 2.094,68 48, inſtead of , in the 
compound quantity x — 2x, in order to diſcover whether 
the quantity reſulting from this ſubſtitution will be great- 
er, or leſs, than 5, of the abſolute term of the propoſed 

equation x* 2 5: and, if it mall appear "that the 


. cs X42 — 


of x in the ſaid equation; and, if it hall appear that the 


= 


deavour to determine to how 1 many figures this number 


K and, for this purpoſe, we muſt, if this number be leſs 


Nur? 4. 


winiſh it by the. OS ſmall quantity, and then Rl 


or 2.0945 51,47. inſtead of , in the compound quantity 


Es O 5 cn, - 
3 en po — pO wn 0 


or leſs, than the true value of x, in the equation à —2x 


termediate | 


— 


2 = eee Fe 1 85 — 


2 7 0 7 — 5 8 Fr * 
8 2 834 1 E * „ ** 4 + 55 7555 „ TAE a ; a 15 1 
b 75 ' 8 x4 2 EIS Ml f 

1 1 * * % F 55" * — 7 . 1 4 


| | (600,000,000, &c+0.000,000,000, &=. 189, 102,42, Foo nl 
| he + 13.161,437,706,, Ke X 0.000,000,01 + O = oF 
| F 000,000 &c + ed, &C = 9 .189,102,942, & | | 


f KL} 2 * * 2 4 
7 7 7 1 5 4 - . \ 
1 - "Io _ . of - 
. 5 i 1 ro PR » L 9 0 5 6 
p41 * * 15 5 : ++ By 
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I 8 * % * r. 
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3 i 45 . Iz" 1 4 Fe * y 
7 1 2 * 8 a # % 
4 " * 
4 : 
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” 


mediate magnit between terer. and 2 _ „ 


e 15 


bor, Pa . 1 . „ dees ot 
| er = 4.385, 148, 90a, 37051904, * 5 : RAE 5 > 
10 * -= = 9189,102,942,785,417,B10,2019792, 9 8 „ 


ts 
* 3 a 2 
"248 1 8 8 25 7 WY 7 . R : ** t , 
\ 2% i 9 wes: * J , . 
and ants” v5 | e 


| number is ſomewhat leſs than 5, or the abſolute term W 
de propoſed equation x3,— 2x =. 5, Therefore 2.09. 3 f 5 1 
as muſt be fomewha 1 leſs than the true value. ny in 5 ; 


"rant A 5 greater. than, 2.0944551248 v, . 1 


| nuſt now compare it with 2.094, 5517,40, by 1 % 175 


| that number 1 5 of it in the . e WS. 


* *. MS eA 9 5 Gf 5 1 3 
* J 1 9 2 5 k 4 


— 6 "x 
* : p * 


Me, > of 1 2 7 RPE 5 


Now, if if #"is te ten = 2.594,35 7549, or 2094-55148 ä 
40000 000,01, we ſhall have æ (= 2.09435 51,48 5 + 3 + 1 - 1 2 3 
| x2094551,408 X,0.000,000,07] + 3 K* eee - 


| x 0.000,000,01\ + 0.900,000,0\! = 9.189, 10% 4, 5 „ 
| ic, + 3 & 4.387,14 5,902, Ke N 0.000,000,01 + ⁊ T- 
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. Therefore the true value of & in the equation x* — 2x 
ts = 5 wilt be of an intermediate magnitude between 
* Band 2.094, 5 57, 49 3 and conſpequentiy all the 
5 figures of che number 2.094, 55,48, which we found by 
5 tte foregoing proceſſes of Sir Iſaac Newton's and Mr, 
g 8 : „ 5 Raphſon s methods of approximation for a fourth near 
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leber by diy lese Newton's method or hs Mr. Rake 
| ſon's; which indeed are ſubſtantially the ſame. The dif- 


fculty 1 mean, is that of finding the firſk near. value M 


| the root ſought (which we have called a in this diſcourſe,) 
| to one, or two places of. figures, in order to make i it the 
baſis of a further approximation to the true value of. the 


root by either of theſe methods of approximation. Now, 
when the equation is known to have but one root, that i is, 
but one real ang affirmative root, (for all other roots arę 
not worth conſidering,) this difficulty will not be great; 


becauſe it will always be eaſy. to find a tolerably near va- 
lue of the root by conjectures and trials, and particularly 
by ſuppoſing xz or the root of the propoſed equation, firſt . 
to be equal to 1, and 2dly, to be = 10, and 3dly, to be 


equal to ſome ſhort intermediate number conſiſting of on- 


y one figure, or, if the root appears to be greater than 10, 


by ſuppoſing it to be equal to, 100, or 1000, and after- 


- wards ſuppoſing it to be equal to ſome ſhort intermediate 
number conſiſting of two figures; as was done above in 
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Art. 5, in finding the firſt near value of & in the equation ; 


* + 7a + 20 + 1559 = 10, 00, But, when the 
equation conſiſts of terms connected together partly br 


the ſign. +, and partly by the ſign, —, and conſequently 


it may, for aught we know to, the contrary, have two, or 
three, or four, or more real and affirmative roots, which 
may be of very different magnitudes, the aforeſaid me- 
| -thod of conjectures and trials (though by no means uſe-- 
- leſs,) is leſs expeditious and ſatisfactory in affiſting us to 


find the firſt near, value of one of the roots than in the 8 


ſormer caſe; and we are often puzzled to know which of 


the roots it would be moſt expedient to begin 0 a 
K k 2 


2 5 a gale. 
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may be ſubſtituted in the original equation inſtead of x, 


| leaſt, or the only, root of the propoſed equation: after 


<a Ne in "molt 11006 theſe EDT, I TOE it vat! be 
* adviſeable to begin by inveſtigating the leaſt root, and for 
chat purpoſe to expunge from the equation all the terms 
5 that have the ſign — prefixed to them, and to find, to 
about two places, or, at moſt, to three places, of figures, 
the root of the remaining equation. For this root will 
always be leſs than the leaſt root of the original equa- 
tion, if it really has (as it appears to have,) more than one 
Teal and affirmative root; or it will be leſs than the 
only root of the original equation, if (notwithſtanding 
the appearances to the contrary,) it really has but one 
root. When the root of this ſecond, or curtailed, equa-· 
tion, has been diſcovered, it may be called a, and made | 
the ground-work of an approximation to'the leaſt root of 
the original equation, and the binomial quantity a + 2 


and the transformed equation thence ariſing may be re- 
ſolved as if it was a mere ſimple equation, agreeably to 
Mr. Raphſon' 8 method of approximation; and the value 
of = thereby obtained, being added to 4, will give us 2, 
| known value of'a + 2, or a ſecond. near value of the 


which we may proceed to find the ſaid leaſt, or only, root 
of the propoſed equation by a further proſecution of Mr. 
| Raphſon's method of approximation above-deſcribed. 

This method of finding a firſt near value, a, of the leaſt 
root of à propoſed equation that ſeems to have more than 
one real and affirmative root, is explained more at length 
in the third volume of the Collection of Mathematical 
rafts, called Scriptores Logarithmici, in my Diſcourſe on 
s the e * Infinite Serieſes e in that Vo- 
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ume, pages 724, 725, 726, 727, 
| 161. And, with this improvement of it in the caſe of 
| equations that have, or ſeem to have, more than one real 
nd poſitive root, I believe it may ſafely be affirmed that 
| Mr. Raphſon's Method of Reſolving Affected Equations 
| s the beſt general method of effecting that purpoſe in 
| al e above quadraticks that has hitherto been 
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. TO EXTRACT ONE ROOT our OF ANY POSSIBLE EQUATION IN 
' NVMBERS, EITHER BXACTLY, OR VERY NEARLY TRUE, 
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Art. E ATIONS falling under any of the 
forms i in the fourteenth and fifteenth. chapters of the 
3 | firſt book of theſe Elements, are capable (as hath there 
* . been ſhewn) of perfect reſolutions in numbers; viz. 
| 5 the value of the root or roots ſought in any of thobs 
a equations may be found out and expreſſed exactly, ei- 
ö by ſome rational or irrational number or numbers; 

5 but the perfegt reſolution of all manner of compound 
= equations in numbers, I have not found jn any au- 
* 8 . thor: and ſince an expoſition of the general method of 
. Vieta, the rules of Huddenius and others to that pur- 
poſe, would make a large treatiſe, and after all leave the 
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| nents with a tedious diſcourſe upon thoſe 4iMoult 1 ey 
| (which at the beſt are exceeding tedious in operation, and 
ſome of them uncertain too,) but rather purſue my firſt de- 
| fgn, which was to explain fundamentals, and ſuch rules 
z3 are certain and. moſt important in this profound art. 


However, I ſhall lead the induſtrious learner a few ſteps 


[ farther in order to his underſtanding the reſolution of all 
manner of compound equations in numbers, and | in this. 

| Chapter ſhall explain Simon Stevin's General Rule, which, | 

| vith the help of the rules in the following eleventh Chap- | 

ter, will diſcover all the roots of any poſſible equation in 

| numbers, either exactly, if ey be 1 or WV nearly 
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Th Fern Pay not falling — 5 any of W ho | 

| forms in Sect. I. chap, xy. book 1, cannot be reſolved by 
my of the canons in that chapter, and therefore according 
do Simon Stevin's ane; method ſeargh out n, ” 
, by e e viz, « e. J e 
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| Thence it follows that | . = 1 
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| Therefore. e WE ga + e Po 


þ Wich 27 _ to have been 40188, but its too little; ; 
whereby I find that, by ſuppoſing 4 to be 1, I did not hit 
upon the true number 4; and therefore I make another 
. in like manner as before, via. 
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Thence it follows that. „ 

And — e 
— — = aaa + 254 = 


ieh 1260 ng re wo ke T make a third ra 


9 8 


2385 Ice, 9 „ „ 
|  Thence i it follows, that a aaa 0+ 26s = v een 
5 
- Which Aeg teg 33 the juſt refult, or abſolute 
es 40,188 in the latter part of the equation firſt pro- 
poſed, and therefore the true number a is leſs than 100; 
Ini the ſecond trial ſhews it to be greater than 10, and 
therefore the whole number which expreſſeth the exact, or, 
at leaſt, part of the value of a, muſt neceſſarily conſiſt of 
tro characters, and conſequently the firſt (towards the 
dent muſt be one of theſe nine, 15 2, 3, 4,5765 758, 9. 
o becauſe, by the Teng inquiry, 10 was . 1 
Cy 


by 


reſult 8520 
Ion 188, I make trial 
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| that the true root or value of a is leſs than 403 but by he 
th trial i it is b than 30, and conſequently the ft 
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e ee vis. 05 in 0 3.0 8, 7: Hg x ante. | 
| cauſe it hath been iſcovei gat th e true value of the 
| root a is greater than 30, the ſecond. character cannot be 
01 therefore make trial with 1, and ſuppoſe'a . 31, 
| which proving too little, I make trial with 32, 33, 34. 
de, ſeverally, in like manner as before, and at length 1 
| fnd 34. to be the true number « fought, by which 
xpounded z for, i 
188. 
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min tenth parts of an unit: But if the ſaid value of a hap- 
© pens not to be expreſſed exactly by the ſaid leſſer whole 
number increaſed' with certain tenth parts, then you art 
to make trials with the ſaid leſſer whole number increaſed 
with a decimal fraction having for its numerator a num- 
ber greater than 10, but leſs than 100; and for its deno. 
minator 100, as with e T5 &c- and by procerding in 
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: t and conſequently: the number” 4 falls between 10 and 


hole numbers that differ by unity; then trials are to be 
| n with the lefſer whole number increaſed with 2, 


r. until you have found the value of à in ſome 


velne when it is irrational or 1 e following; 


(38605 


Art. 1. But if py cal wials 1 i 0 the Vie 
lue of a, the root fought, happens to fall between two 
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mixt number conſiſting of a whole number and ſome cer- 


that manner you. may, find the exact value of the root a 
+ when its fractional part is exactly: equal to ſome decimal 
1 or elſe approach inſinitely near to the ſaid exac} 
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e 15 but gies kite, 1 
. 103 this alſo proving too little, I aſſume a 100, 
hich after trial I find to be greater than the true number 


100 
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| 1 ki ial wich 20 Lind h coe rden buy 
making trial with 30, 1 find this too great; and therefore = 

the true root a falls between 20, and 30. Again, making 

| frial with 21, T find it too great: but 20 was before found 

| too little; therefore the true root a is between 20and 213 

| then I make trial with 20-1, (that is, 207%) 20.23 20. 

| &c. and at length find 20.7 to be the true number a 

| fought 3 for if 2 == 20-7 (chat is, 2009) it will _ 

| acces o+ 505 = TAIT e the equation n 


But if 20.7 bad proved 100 little, and 20.8 too 1 
| then trials muſt have been made with 20.71, (that is, 

00s) 20.72 3 20.73, Kc. In like manner, if 20.7 had 
| i too little, but 20.7 (that is, 204755) too great, 
| then trials. muſt have been made with 20.701, (chat is, 
| 207565 3) 20,0; 20, 703, e. This will be partly ex- 
erciſed in Bags te the e in . e 0 
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N felt figures of the value of az but then it will be expedient to have re- : 
courte to Mr. Raphſon's method of approximation, which will uu. 55 
Ay double, or nearly double, the number of figures in che alu . 3 
fn e of hy Li 
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„ | be made'with 55 d but if this prove too great, then with 
„ 7599 Rec. Now e -1 (that is, 26) be too great, but 
5 85 81 (chat i is, 75+) too little ; then trial muſt be made with 
1 1 ES *02 1.03 1.04] &c. until you have found out the greateſt 
EE. figure that muſt ſtand in the ſecond place of the decimal 
5 hs fraction expreſſing the root ſought; ſuppoſing then ſuch 
ITS © figure to be found 8, viz, that og (or +2, ) is leſs, but. oo 
BEE (er ) is greater than the root, trial muſt be made with 
. _ 081, ng ah rbb) ob2 I — 1 Vice. as, Bed this fol 
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1 1 „ . 1 The proceeding . may | ſalfice to i 
. 0 mer the uſe of this general method when all the terms i 
IN Fs of the unknown part of an equation are affirmative, (viz. a 
3 5 hen · Lis prefixed to each term,) inwhich caſethere is but f 


6 8 one affirmative root; in the ſearch whereof by trials (as be- 
yd + fore) if the numbers afſumed ſeverally for the value of the 
am. 55 . rost ſought do aſcend, or become greater and greater, then 
. 1 the abſolute numbers reſulting from thoſe afſumed values 
vin likewiſe aſcend; and contrary, if the aſſumed roots 
b deſcend from a greater to a leſs, the reſults will likewiſe 
3 3 05 5 175 grow leſs and leſs: whence, by comparing an abſolute num- 
5 3 from an aſſumed root each the Juſt * 
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affirmative and negative terms mingled one with ate, . 

then the ſearch by trials will be more intricate and doubt. 


| ful than beſore z for ſometimes it will be hard to 3 1 
whether a following aflymed root muſt be taken greater or I 
leſs than that which was taken next before. yi che i 
compound equation. of this latter kind may, happen to he. 
ſuch, that it may be expounded by as many ſeveral affir- Bs 95 
mative roots as there be unities in the index of the higheſt | 


| unknown power, yiz. a cubical equation may be „ © 
ſtituted that it ſhall bare three different affirmative roots, | i 5 ji Tho 3 3 
F biquadratick. equation four ſeveral. roots; and fo. of - ä 
ligher equations, as will be ſhewn in the following | 5 5 © 8 A 
Chap. II. But, in what manner Toever any poſſible . 15 5 , 
i conſtituted i in rational numbers, this general method will 4. 
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| hk find out one affirmative root, either exactly true, 5 1 


or at leaſt very: near the truth! 3as will farther 1 25 * „5 
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5 l 376 exceeds the juſt abſolute number 360, and 
-  Heerefore I conelude there i 1s one affirmative value of a, 
(either rational or irrational) between 1 and 10, which va- 
* after trials made with 2, 3, 4, 5, 1 find to be 55 this 
will conftirute the equation propoſed ; forif Wa Lf then 

4 — — aa 1 85 57. will enactiy make 360. nh 
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But there are tuo roots or values of 45 to wit, 8 
9. each of which will likewiſe conftitute the equation 
. ; but how they are found out will! be ſhewn 

in Seck. 9. of the het. Chap. 11. Sena 
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| Now. becauſe the ſecond reſult or ablojute number)” 5 
1 31000 is affirmative, and the laſt, reſult — . 686,900 18, 3 

| negative, I make, trials with numbers between 10 and 10a. = W 
for the value of az for, if the equation propoſed | be polible, = 
| before the affirmative 1 reſults fall off to negatiyes,. there „„ 

vill be a root, or value of a, producing an affirmative reſult | 


; MP or rain near to the juſt reſult 465773 2 
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4657); it t ſhews chat there! is one ene, root or va- 8 ER : 1 
ne of @ between 10 and 20, which root, after trials made I 
| with intermediate numbers (as in former examples) Will 


| | be found 15.7, Ke. Moreover, becauſe, by ſuppoſing 
Ie | «= 20, the reſult 56,000 happened to exceed the juſt 
| reſult 46,577, but, by putting a= 100, the reſult — 6800ca, 9 


proved to be leſs than the ſame 46,5772 i it ſhews there is . 
| an affirmative value of a between .20 and 100, which ya- „„ „% 
e after trials made will be found 4); fo that chere are 
two affirmative roots or values of a found out, to wit, a * 
16.7, Ke. (or 18 &c.) and 47; the former of which , \ © 
; nodes, and the latter re conſtitute the WAN — 
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5 Ha „ 3 4 This tract of NI. de Beaune is very clear and very uſefol UF is 
Ee - printed with Mr. Schooten's Comment on Des Cartes's Geometry. 
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Thus i it is hats We the value of a the root fought 3 . 1 J 
greater than 14. 5, kee. but leſs than 56.5, &c. and there- -- i 
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| fore trials according to the general. method aforeſaid need | 
tir be made: 3 Os at ae Br ee ede — 
n 5 ; bo | 


"From $7 3 it is e that this 5 me- 
| thod finds not a perfect rost of an equation, unleſs ſuch root 
| be a whole number, or elſe a fraction exactly equal to 
| ſome decimal fraction; or laſtly, a mixed number c m- 


poſed of a whos 8 and a PR ws, n. 8 


Wit. When the . or known e ws 
| tplied into any of the unknown powers under the high- 
elt, (which muſt-have no co-efficient but unity,) are yul- _ 
gar (not decimal) fractions, or mixt numbers/whoſe frac- 
tional parts are vulgar. fractions; likewiſe, when the ab- 
due number that ſolely poſſeſſeth the latter part of the 
a cquation propoſed is a vulgar fraction, or a mixt number 
| whoſe fractional part is a vulgar fraction ; all thoſe vul- | 
gar fractions muſt be reduced to decimal fractions, or or 
| elſe the equation. muſt be reduced to another equation in 
| integers (by Sect: 7. in the following Chap. 11-) before 
you enter upon the reſolution by trials as aforeſaid. ' _ 
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A AE © ON AN ERROR IN n! ens 
ING OF THE LATE LEARNED FRENCH MA 
- THEMATICIAN, MONSIEUR CLAIRAUT, IN 
Tk AT PART OF HIS ELEMENTS OF ALGE. 
© BRAIN WHICH HE ENDEAVOURS TO PROVE 
THE . RULES OF MULTIPLICATION. LAD 
1 DOWN BY WRITERS: ON eee 


© EERNING NEGATIVE — 
1 


77G ö f : | 
ih [HERE is one tet . ay e eee 5 
fubject with uncommon care and elegance, and, through- 
out the firſt part of his work, with great perſpicnity like 
wiſe. I mean Monſieur Clairaut of the French Academy 
of Sciences, in his Elimens 4 Algthre publiſhed at Paris in 
the year 1749. But even this writer has been betrayed 
into a moſt remarkable inſtance of falſe reaſoning, by his 
deſire of explaining to his readers that which in it's na- 
ture is not capable of being explained or underſtood, to 
wit, the propoſition © that, à negative quantity be multi- 
plied by a negative quantity, the product will be an affirmative 
quantity.” This propoſition he has attempted to demon- 
ſtrate i in the both Section, or Article, of his book, p page 73 
in the following manner; He had already in Art. ii, 
1 page 4, explained the Ggn—to fignify the fubtraction of the 
quantity to which it is prefixed from the quantity which 
immediately preceeds it, in theſe words: © Prenant le ca- 
ractere — , qui ſe prononce moins, pour faire reſſuvenir 7 
N "= 8 195 7 


„ Tok 1 _=_ 


9 


DN 


9 


2 n 


5 
”4 
* 
4 22 
3 
1 
2 
* 
. 
* 
is 
* 
3 
1 
* 
7 : 
A 
* 
4B 
2 1 
. 
"8 
22 
1 
3 
1 
* 
Ao 
ql 
"38 
5 

39 = 
. 
* 

"ug 
Te 
=; 

7 - 

* 

Bj 
A 
3 
+ 

3 

Ws 

5 

* 

3 

„ 

* 

x. 

: 
the | 
* 

3 
* 
* 

1 
* 

WI. 
4 
* 
3 

= 
7 
* 

7 

3 
11 
75 
* 

be! 
<< 
* 

I F. 

== 

3 
> 

3 
8 
* 
3 

72 

1 

2J 

6 

by. 

* » 

"IJ 

* 

8 

Bo. 
2 
dye, 

- "6 
LES 
. 
= 
3 

_ 

1 
bs | 
2 
; 

* 
1 ; 
k 

Ke 
* 
* 

* 

#þ 
ad 
+ 
by 

3 

5 
I 

1 

v4 

Ne” 

. Y 

4 ö 

F * 


* F »» 
wrt tA 


A 
* 8 e 


„) 


plexes ou polynomes, ou quantitẽs compeſees de pluſieurs ter mer,) 
compound quantity 20e — 54 + Gas by the compound 


clearly, uſing the lien — only in the ſenſe of his firſt defi- 
nition of it in Art. iii, page 4, as the ſign of the ſubtraction 
of the quantity to which it is prefixed from that which goes 
before it, in which firſt part of his book he ſeems to ſup- 


then, when he has thus ſhewn clearly that, in the mul- 
tiplication of compound quantities by compound quanti- 
ties, the rule holds good, that — into — gives +; or that 


| members of the compound quantities themſelves that are 
both marked with the fign —, will be marked with the 
ign +, he endeavours, in Art. lx, page 73, to extend this 


e, N | et ©. 
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n jours donner + au produit, voyont quelle Iumitre nous Po- 
; Yong firer de la mithode ginirale des multiplications donne., dau 
| L „„ | 2 art. 


lo quantite gil pricide doit ẽtre retranchie de celle qu il ſuit." 
And in Articles xlii, xliji, xliv, xlv, xlvi, pages 48, 49, 
Jo, 51, 52, 53, 54, he explains the manner of multiplying 
compound quantities, (which he calls des quantites com- 


by each other, and exemplifies it by the multiplication ofthe | 


quantity 3ab* — gbed. And thus far he reaſons juſtly and 


poſe all along that the quantities to be ſubtracted are leſs 
than thoſe from which they are to be ſubtraCted. But 


| thoſe members of the product of the two compound 
| quantities which ariſe from the multiplication of any two 


concluſion to the product of two independent, or ſeparate, _ 
negative quantities, or quantities which are marked with _ 

the ſign — without being preceeded by any other quan- 
tities from which they are ee This Urth N | 


Pau gur Nous . que la multiplcatios d PS — ns — doit 5 
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ene een eee, . 
doit etre ac — be — ad + bd; et on vtit pur conſequent en 
mme temps que le terme bd; gui eft venu par la multiplication 
de b et de d, a le fen: +, fandis que ſes produiſants b et d 
ont le figne - —, I ne rg. done plus qif A ſgavoir fi, lorfque 
deux quantitts negatives, felles que b et d, ne e ſeront precidees 
' Saucune quantit poſttive, leur produit fera encore + bd. Or 
diet ce dont il off facile de reconnoitre la vivits, puiſque la mi- 
.. , Fhade par laquelle on a decouvert que le produit de a — b par 
cd toit ac— be — ad + bd, ne ſpicifiant aucune gran- | 
| deur particulitre ni à a ni 2 e, doit avoir encore lieu lorſque 
ces quantitts font &gales Ero. Or, en ce cas, le produit ac 
os wat reduit 7 2b. Done—bX 15 my 7 5 
Ne in theſe works there is an hens "OY For, | 
1 4 and c are not particular numbers, or quantities 
which have a fixt relation to 6 and d, but they may be of 
many different magnitudes with reſpect to ö and d, yet, 
3 muſt always be ſuppoſed to be greater than þ and d 
reſpectively. For otherwiſe it will not be poſlible to ſub- 
traft'b and d from them, ſo as to produce the quantities 
3 ande- ; the author not having hitherto given us 
any other idea of the ſign — byt that of its denoting the 
ſubtraction of the quantities to which it is prefixed from 
thoſe which go before them ; in orger, to which it is ne- 
ceſſary, and is conſtantly ſuppoſed i in all the foregoing part 
of the book, that the ſaid quantities, to which the ſaid ſign 
is prefixed, ſhould be leſs than thoſe that go before them. 
1: follows therefore that a and e can never be ſuppoſed to 


*. either eqyal to, ar leſs than, , and 4, reſpectirely, 
| though 
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| though they may whe of any magnitudes that are 1 5 
chan ö and d. It is not therefore poſſible for à and e to 

become equal to o, as the author ſuppoſes; and conſ-. 
quently the compound quantity ac — be = of +I, IS 
(which i is the product of the multiplication of a = band _ © 0G 
d into each other) can never become equal to /// + 1} 
| bythe vaniſhing, or annihilation, of it's three firſt members EE... 
ac, bc, ad, as the author concludes from the ſaid falſe OE „ 
poſition thas dn meg be taken equal to o. OP 
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The author on this e ſcems to 58 3 1 
| own definition of the gn —, by which he made it tobe _ e 
A mark of the ſubtraction of the quantity to which it i: 
prefixed from the quantity that goes before it from which — 
definition it is plain that the ſaid ſign always ſuppoſes the . 
exiſtence of two different quantities, of which the one is to be 
be ſubtracted from the other, and conſequently that itcan 8 
| have no meaning when: applied to a fingle quantity, as 5 or "5 
d, independently of ſome other and greater quantity, aa «- 
or c, from' which it is to be ſubtracted. There cannot Ws. Y 
therefore exiſt any ſuch. quantities as — b, or —d;z ane 
conſequently. no propoſitions concerning them can be ei: 
ther true or falſe. Conſequently the propoſition which . "28 
| the author there endeayours to demonſtrate, to wit, © that 1 35 3 
x dis equal to · Nba, when — band - d are not pre 
ceeded by two greater quantities a and c from which they „ 1 3 
re ſuhtracted, but are conſidered as ſingle and indepenr — on 
dent quantities,” is ſo far from being true that i it / is not „ 
even intelligible according to the only idea of the Gign _— 
 »hich thè author bay 2 28 us in all the procheding ne of 2) oO 
* book. | 1 5 Wu rel 5 E 
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ſeience. But, upon examining it, I hae found the firſt 


4 58 * 


- Snack ed and confalionln which: even ll 
very able writer (ho not only had a great deal te 
and ſagacity in the mathematical ſciences, but alſo an ele 
* gant taſte in his manner of tresting them,] has involref 
himſelf by his attempt to explain the nature and prox 
of negative quantities. And other writers who. ee made 
the like attempt, have fallen into ſimilar abſurditics 
'. amongſt whom we may reckon the celebrated Mr. Leon 
hard Euler, in his laſt work, called The Elements of Algebri« 
in two large volumes, octavo, which has been commende d 
pps perſons as a very eaſy and clear treatiſe on that 


volume of it to abound with errors and difficulties arifing 
From a moſt compleat adoption and very frequent re of 
"this perplexing and abſurd dorine of negative quantiti 
. A he ſeems a an 1 uncommon 2 nen a 
e 8 Ms 6 able x pls | Monificur | 
| Clairautcould be ſo farblinded and puzzled by this ſtrangs 
doctrine of negative quantities (unneceffarily introduced 
into the otherwiſe clear and ſimple ſcience of Algebra, ot 
"Univerſal Arith metick, ) as to reaſon ſo very weakly in ſup» 
port of it as we have ſeen he did in the foregoing paſſage, - 
It is ſurely high time for every true lover of this ſcience; 
- whois zealous for the honour of it's purity and perſpicuity; 
to” exclaim 25 5 the dan rarer Tilhifon did with 
en we we wy 
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